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Abstract
The eﬀect on large-scale dynamics of small-scale helicity injection in three-dimensional resistive magnetohydrodynamic turbulence is investigated for a weak initial magnetic ﬁeld. The magnetic conﬁguration
of a2 dynamo prototype ﬂows is such that, generally, the energy concentrates on one large-scale mode.
However, we obtain that alpha eﬀect is not limited to the dominant mode and that a non-local equation (in
Fourier space) is more appropriate to describe it. It gives some insights into the non-local theory of Pouquet
et al. [J. Fluid Mech. 77 (1976) 321] where the inverse cascade results from a competition between the
helicity and Alfven eﬀects.
Ó 2003 Elsevier B.V. All rights reserved.
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1. Introduction
The origin of cosmic magnetic ﬁelds is often explained by dynamo theory, a branch of magnetohydrodynamics (MHD) regarding the self-excitation of a magnetic ﬁeld by plasma or ﬂuid
motions [2]. To describe the generation of large-scale magnetic ﬁelds from small-scale turbulence
some mechanisms have been proposed and, in particular, many works focused on a2 and a  x
dynamos [3,4]. However MHD turbulence can not be reduced to these mechanisms and, for instance, the combination of Alfven eﬀect and the inverse cascade process (which can be, eventually,
linked to an alpha mechanism) of magnetic helicity can also stimulate an important non-linear
turbulent dynamo process [1,5]. In fact, Alfven eﬀect, i.e. generation of Alven waves, can promote
a rapid equipartition of magnetic and kinetic energy and, as a consequence, a eﬀect (if any) is
reduced. However, on the one hand, for Alfven eﬀect to be very eﬃcient, we need an initial
*
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large-scale magnetic ﬁeld (ideally with a non-zero mean) and a strong turbulence. The former
point is not necessary in the case of astrophysical problems. On the other hand, to study the
dynamo problem, it can be interesting to focus on simpliﬁed systems where not all the mechanisms
are fully involved. In particular, in this paper, there is no net rotation of the ﬂow and the mean
magnetic ﬁeld is null. As a consequence, Alven eﬀect is not directly involved in the ampliﬁcation
mechanism of the largest scales. In fact, the system develops self-consistently a sheared magnetic
ﬁeld at moderate Reynolds numbers allowing to get some insight about a eﬀect.
Cattaneo et al. [6] presented in the frame of the resistive MHD, numerical results showing that
alpha eﬀect is not the underlying mechanism of dynamo eﬀect at high magnetic Reynolds number
Rm . They showed in fact that it decreases as the inverse of Rm , in agreement with the theoretical
predictions of Gruzinov et al. [7]. Blackman et al. [8] suggested, using analytic developments,
that this result is strongly correlated to the combination of periodic boundary conditions and
the existence of an uniform mean ﬁeld in the simulation. In fact, the existence (or not) of the
quenching of the alpha eﬀect is not clear and might depend strongly on the global geometry of the
system studied [9,10]. However, all these studies have in common that they study an alpha eﬀect
based on an hypothesis of scale separation, a so-called two-scale turbulence (see for instance [5]
for a derivation of the theory). Even if some justiﬁcations to such an hypothesis can be given (for
instance, for the earth see [3]), scale separation is not, a priori, the dominant character of all the
astrophysical bodies. In addition, in their pioneering work Pouquet et al. [1], using an Eddydamped quasi-normal Markovian approximation, obtained analytically a non-local alpha eﬀect
(in some limits the usual alpha eﬀect is recovered). Surprisingly, little attention has been devoted
to this result. In the next section we start by presenting a general study of the eﬀect of helicity in a
turbulent ﬂow. We then focus on the study of helical waves at the largest scales and discuss the
relation to a non-local alpha eﬀect.

2. Eﬀect of helicity in turbulent ﬂows
The main theoretical model of alpha-dynamo generation speciﬁes that a large-scale magnetic
ﬁeld bLS evolves, as a ﬁrst approximation, according to the model equation
o
bLS ¼ ar  bLS þ bDbLS ;
ot

ð1Þ

where a and b are parameters controlled by turbulent and statistical properties of the velocity
ﬁeld. Indeed, kinematic approaches predict that a and b are respectively functions of the ﬂuid
helicity spectrum and the kinematic spectrum [3]. In particular a eﬀect is associated to helical
ﬂows. Before studying it, we start by emphasizing the diﬀerence between helical and non-helical
ﬂows. To do it, we present simulations of the resistive MHD equations.
Let us introduce some deﬁnitions. The energy, helicity and relative helicity, for a given ﬁeld g,
are
Z
1
d3 rg2 ;
ð2Þ
EðgÞ ¼
2 D
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H ðgÞ ¼

Z

d3 rg  r  g;
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ð3Þ

D

Hr ðgÞ ¼ H ðgÞ=½EðgÞEðr  gÞ :
ð4Þ
D denotes the three-dimensional periodic space and by construction jHr ðgÞj 6 þ 1. The equations
of incompressible MHD, written in the usual units, read
D
ð5Þ
u ¼ rp þ ðb  rÞb þ mr2 u þ f;
Dt
D
b ¼ b  ru þ gr2 b;
Dt

ð6Þ

r  b ¼ r  u ¼ 0;
ð7Þ
where, by deﬁnition, g is the magnetic diﬀusivity, m the kinematic viscosity and the pressure term p
is the sum of the hydrostatic pressure and the magnetic pressure. Here, both
R ﬂuid velocity u and
magnetic ﬁeld b are expressed in Alfven speed units. EðuÞ þ EðgÞ, HðaÞ and D d3 ru  b, respectively
the total energy, the magnetic helicity and the cross helicity, are the ideal quadratic invariants of
the MHD equations. a is the magnetic potential vector (b ¼ r  a). The magnetic Prandtl number
is Pm ¼ g=m and we restrict ourselves to Pm ¼ 1.
The ﬂow is forced by divergence free ﬁelds f centered around k ¼ 5 with random phases. One
could choose to force at much smaller scales in order to be coherent with two-scales turbulence
hypothesis leading to Eq. (1). However, we checked that numerical results concerned by alpha
eﬀect are not sensitive to it. A few modes are updated randomly at every time step in order to
decorrelate the forcing in time. Moreover, in the following, we will analyze the eﬀect of two kinds
of forcing named forcing A and forcing B. Let us emphasize that in both cases the forcings have
the same spectrum but not the same phases. Constraints on the phases are such that:
1. f k  r  f k ¼ 0; 8k (forcing A)
2. Hr ðfÞ ¼ 1 (forcing B).
The ﬁrst kind of forcing means that the helicity of the ﬂow is zero at all scales (and in particular
H ðfÞ ¼ 0) and the latter expresses that the helicity is maximal for a ﬁxed and given forcing spectrum. Note that similar forcings has been used by Brandenburg [9] in a compressible ﬂow.
2.1. Comparative study of the ﬂow for both forcings
The following two simulations are in a 3D periodic box which has a size of L ¼ 2p. They are
based on usual pseudo-spectral method with dealiasing. Grid size is 1443 : it means that nonlinearities are computed by mean of 1443 grids to avoid aliasing and linearities by mean of 963
grids. Validation of the code has been done, noteworthy, by comparisons with other direct numerical simulations using a diﬀerent numerical scheme [11]. Initial conditions are u ¼ 0 and b 0,
i.e. we introduce a weak small-scale magnetic ﬁeld to avoid a null magnetic ﬁeld for any time.
kinematic viscosity m and magnetic diﬀusivity are both set equal to 0.005. In the two simulations,
forcing A and forcing B have exactly the same parameter values except for the random selection of
the forcing phases (as explained above).
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In Fig. 1, it is shown the time evolution of magnetic and kinetic energies for both forcings. The
simulation times TS 180 are not large-enough to study the statistically stationary states. Clearly,
in forcing B simulation, the magnetic energy is still slowly growing in mean. In fact, we want to
focus, not on the mechanisms allowing the persistence of a large-scale magnetic ﬁeld, but on the

Fig. 1. Time evolution of kinetic energy EðuÞ (dashed lines), magnetic energy EðbÞ (solid lines).
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ones linked to its generation. In both cases, as expected, kinetic energy is initially rapidly
accumulated. In the second phase, the growth of the magnetic ﬁeld initiates a decrease of the
kinetic energy. Finally, in both simulations, kinetic energy reaches a limit value that is about 40%
lower for the ﬂow with a non-helical forcing. Moreover this last ﬂow reaches also a magnetic
stationary state but magnetic energy is small compared to the kinetic one (one ﬁfth) and therefore
no important transfer of kinetic energy to magnetic energy occurs. On the contrary, in the helically forced ﬂow, magnetic energy strongly exceeds the kinetic one. This is a dynamo eﬀect signature. Besides, the total energy of the helically forced ﬂow clearly exceeds the forcing A one. It is
important to underline the eﬀect of the Lorentz force on the magnetic ﬁeld. If we suppress it, the
velocity ﬁeld becomes independent of the magnetic ﬁeld and the kinematic equation (6) is a linear
function of the magnetic ﬁeld. While the magnetic ﬁeld is weak, time evolution of the magnetic
energy is similar with or without the Lorentz force, but in the absence of the Lorentz force and
after this transition phase, magnetic energy keeps growing (almost linearly with the time) and
never saturates. Diﬀerentiation of both evolutions occurs after a few time units in this simulation.
In fact, as it can be seen in Fig. 2, helical forcing generates kinetic helicity. Indeed, with a nonhelical forcing, the relative helicity ﬂuctuates around zero to a few percents, while with the helical
forcing and after a transition regime linked to the initial conditions and the forcing (t K 20), the
mean value is about 43%. Note also that helicity saturates to a value ﬁve times higher with the
helical forcing. As a consequence, in simulation forcing B a helical ﬂow grows (this is not limited
to the forcing) and therefore, as already mentioned, this is a situation favorable to an alpha eﬀect.
However, for this parameters regime, magnetic helicity is much weaker than kinetic one.
Therefore, according to quasi-linear theory [7], back reaction of Lorentz force might not be
important enough to promote a strong suppression of the alpha eﬀect. Of course, this last point
can become false in more turbulent regimes but a systematic study of an evidence of alpha eﬀect
suppression at height Rm is out of the scope of this paper which focus mainly on the deﬁnition of
the alpha eﬀect.
Fig. 3 shows that turbulent helical ﬂows (forcing B) generate large-scale magnetic ﬁelds in
agreement with theory and previous works [9]. Indeed, clearly, a pile up of magnetic energy to the
largest scales is observed. Note also that the kinetic spectrum is almost stationary. In the nonhelical ﬂow, even at large times T ¼ 160 (i.e. times large with the characteristic time of energy
saturation, around 40 in Fig. 1), there is no tendency to any accumulation of magnetic energy at
such a scale (as it could be deduced from a ﬁrst inspection of the ﬁgure) but magnetic energy
oscillates around the value 4  104 . At small scales, no equipartition of magnetic and kinetic
energies (not even a weak deviation) is observed but the spectra follow an exponential law in the
dissipation range [5]. While this law is, as expected, still valid in the simulation with forcing B, the
tendency to equipartition is much more pronounced. More precisely, this is clearly the case for
k > 8. However, for 1:5 6 k 6 8 there is also a tendency to an alignment of magnetic and kinetic
energies but on large time scales (compare to the simulation time TS ). In fact, we will verify below
that an alpha mechanism develops on time scales lower than TS . Moreover for k > 8 magnetic
energy is always more important than the kinetic one. This has been already observed by Brandenburg [9] and corresponds to theoretical predictions [1]. Note that this behavior is characteristic
of scales smaller than the forcing scales.
It is enlightening to visualize snapshots of the dynamics. In Fig. 4, contour plots along
y–z plane of the magnetic ﬁeld for both simulations (performed at a same time T ¼ 160 for
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Fig. 2. Time evolution of kinetic (dashed lines) and magnetic (solid lines) relative helicities (up) and helicities (down).

comparisons) indicate a deep diﬀerence in the dynamics. Indeed, in the helical ﬂow, conjugate
modes k ¼ ð0; 0; 1Þ (i.e. kx ¼ 0, ky ¼ 0, kz ¼ 1) are dominant in the spatial dependence of bx
and by with a phase shift of p=2. This is not true for component bz . In fact contour plot along some
other planes indicate that this is not a plane dependent observation. So following Brandenburg [9], we could say that this behavior could be mathematically written bLS ðx; y; z; tÞ
b0y ðtÞ on large time
ðb0x ðtÞ sinðz þ /Þ; b0y ðtÞ cosðz þ /Þ; 0Þ. Moreover, we checked that b0x ðtÞ
intervals and therefore, in a ﬁrst approximation, it is obtained that Eq. (1) describes the large-scale
dynamics with b set equal to zero. Here we call large-scale ﬁelds (bLS and uLS ) the ﬁelds truncated
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Fig. 3. Spectra of kinetic (black lines) and magnetic (gray lines) energies at times T ¼ 160 (solid lines) and T ¼ 150
(dashed lines).

to modes jkj ¼ 1. This is natural in this system because there is a pile up of magnetic energy at
this scale. It should be noted, however, that there is no strict spatial scale separation as required
by standard theory [3]. Indeed there is no intermediate scale a between the size of the system (the
L=5 satisfying
length of the box L) and the typical forcing scale where eddies are generated lf
lf  a  L.
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Fig. 4. Snapshot of ﬁelds u and b in a y–z plane: forcing A (up) and forcing B (down) at time T ¼ 160.

In the non-helical ﬂow, modes k ¼ 1 contain a weak fraction of the magnetic energy and no
large scale is visible from the snapshots. Indeed, as it can be inspected from the contour plots,
most of the volume has a very weak magnetic activity, essentially ﬂuctuations around a null
magnetic ﬁeld. Nevertheless, localized structures on intermediate spatial scales, i.e. with a largest
dimension typically between one third and one tenth of the size box, appear. They are generated,
and also localized during an important part of their lifetime, in regions of strong velocity gradients (see Fig. 4). Intermittent magnetic structures have been already observed [12]. However, it

O. Agullo, S. Benkadda / Commun. in Nonlinear Science and Numerical Simulation 8 (2003) 455–467

463

seems that, in simulation forcing A, the structure are much more spatially localized: the norm of
the magnetic ﬁeld b (respectively velocity ﬁeld) is higher than 50% of maxðjjbjjÞ (respectively
maxðjjujjÞ) in only about 1% (respectively 15%) of the total volume. Modeling and also statistical
study of such structures does not seem to be done yet. Besides, it would be interesting to search if
there is no link to some negative beta eﬀect, i.e. negative magnetic eddy diﬀusivity. In fact, by
mean of a kinematic approach, it has been shown that, in stationary non-helical ﬂow, it can drive
instabilities and this mechanism is quite common (see for instance [13,14]). However the usual
beta eﬀect (as described in Eq. (1)) can not be associated to those structures because it implies the
existence of unstables modes at the largest scales. More precisely, Lanotte et al. [14] obtained an
enhanced small scales beta kinematic dynamo (involving a growth rate proportional to k 2 ) for a
speciﬁc stationary velocity ﬂow, i.e. they obtained a primary dynamo mechanism not acting on
large-scale magnetic structures. The importance of this kind of dynamo in non-kinematic and time
dependent ﬂows is not clear but the localized intermittent structures observed in simulation
forcing A might be associated to it.
2.2. Helical waves and non-local alpha eﬀect
In order to study in detail the large-scale behavior of the ﬂow, in Fig. 5 we plot the time
evolution of all the amplitudes of the largest modes of the magnetic ﬁeld Ak ðtÞ (with jkj ¼ 1). In

Fig. 5. Forcing B simulation––time evolution of magnetic large-scale mode vector amplitudes Ak : Real Að0;0;1Þ (black,
solid), Imag Að0;0;1Þ (gray, solid), Real Að0;1;0Þ (black, dashdot), Imag Að0;1;0Þ (gray, dashdot), Real Að1;0;0Þ (black, dotted),
Imag Að1;0;0Þ (gray, dotted).
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the following, we restrict ourselves to modes such that kx þ ky þ kz ¼ 1 because of the real nature

of the magnetic ﬁeld (Ak ¼ ðAk Þ ). It is clear that the components of the modes are not inde(black solid line in the top
pendent of each other. For instance the real part of the amplitude Að0;0;1Þ
x
(gray
dashdot
line
in
the
middle
ﬁgure) are linked by the
ﬁgure) and the imaginary part of Að0;0;1Þ
y
ð0;0;1Þ
ð0;0;1Þ
Imag
A
,
while
A
0.
In
fact
this
suggests
that time evolution of
relation Real Að0;0;1Þ
x
y
z
the three large-scale magnetic modes are obeying independently to an alpha process. At this point
it is useful to introduce the notion of complementary amplitudes. Suppose that a given mode
bk ðx; tÞ ¼ Ak ðtÞ expðik  xÞ is driven by an alpha process
o
ð8Þ
bk ðx; tÞ ¼ ak ðtÞr  bk ðx; tÞ;
ot
and that initially the amplitude of the mode is zero (in agreement with our initial conditions). It is
straightforward to obtain that, ﬁrst Ak is orthogonal to k at all times, and second, if we introduce
ðai ðtÞÞi¼1;2;3 the complex components of Ak in an orthonormal basis with a3 ¼ Ak  k=k, then
a1 ¼ ia2 , a3 ¼ 0. We call the couple ða1 ; a2 Þ the complex complementary amplitudes of mode k.
As a consequence
Real a1 ¼ Imag a2 ;

ð9Þ

Imag a1 ¼ Real a2 ;

ð10Þ

a3 ¼ 0:

ð11Þ

We now check if the large-scale modes evolution is in agreement with Eq. (8). First, it is easily
seen in Fig. 5 that Eq. (11) is true for the three modes. Second, we plot in Fig. 6 the real and
imaginary part of the complementary amplitudes. More precisely, for each of the three large-scale
modes, we plot with the same line type (but a diﬀerent color) Real a1 and Imag a2 (with the right
sign  in order to get the superposition of the curves if any), and also Real a2 and Imag a1 .
Therefore there are four plots and two line types for each of the three modes. This graph shows
clearly that Eqs. (9) and (10) describe the large-scale dynamics with a good precision and this is
not limited to the mode containing the largest amount of magnetic energy (k ¼ ð0; 0; 1Þ in this
simulation. As a consequence, we obtain the main numerical result of this paper, that is, Eq. (8)
(and not (1), with a null beta) is the appropriate model to describe large-scale dynamics of the
magnetic ﬁeld in helical turbulence.
Besides, we can write a dynamic equation for the large-scale
P
magnetic ﬁeld bLS ðx; tÞ ¼ jkj¼1 bk ðx; tÞ which is
o
bLS ðx; tÞ ¼ aLS  r  bLS ðx; tÞ;
ot

ð12Þ

where the symbol  denotes a convolution product. aLS is the inverse Fourier transform of the
ak ðtÞ deﬁned in Eq. (8) where all non-large-scale Fourier components are zero. Let us note,
however, that the usual model equation is recovered from (12) when one mode kd is strongly
dominant from an energetic point of view, i.e. when akd  ak ; 8k 6¼ kd . In fact, this last point
explains the partial validity of the model equation (1) in the simulation because one mode is
dominant. However, it is important to note that the coexistence of a bath of helical waves at large
scales is not simple to explain because their mutual interactions via Lorentz force is not weak

a priori: ﬁrst, because this is a non-linear magnetic regime (as already explained), second because
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Fig. 6. Comparison of pairs of real complementary amplitudes: k ¼ ð0; 0; 1Þ (gray dashdot lines and black solid lines),
k ¼ ð0; 1; 0Þ (black dashed lines and black dotted lines) and k ¼ ð1; 0; 0Þ (gray dotted lines and gray solid lines).

they concentrate a large fraction of the total energy. One may think for instance that the interaction of two helical waves can lead to the suppression of the helical character of those waves.
It is interesting to focus on deviations from the model equation (8). First, the distance between
the largest complementary amplitudes (mode k ¼ ð0; 0; 1Þ, gray dashdot lines in the ﬁgure) slightly
increases around times 60 and 95 and decreases again at time 150. In between those fast processes,
the gap is essentially constant in agreement with (8). One could think that this is correlated to the
value of the amplitudes and therefore to the non-linearities of the MHD equations, but this does
not explain the decrease of the distance at time 150. Second, the two others real complementary
modes of mode k ¼ ð0; 0; 1Þ in between times 105 and 125 also show a strong increase of their
mutual distance (black solid lines). Besides, one of this two modes seems to be linked with two
others complementary modes (mode k ¼ ð1; 0; 0Þ, blue lines) at larger times. Detailed analysis of
these phenomena (observed in most of the simulations we performed) is out of the scope of this
paper. It would be also interesting to obtain situations where amplitudes of two or more largescale modes are larger than 1 in order to test the model in stronger large-scale non-linear regimes.
Pouquet et al. [1] proposed a dynamo mechanism where the inverse cascade results from a
competition between the helicity and Alfven eﬀects. More precisely, let us call k the mode for
which we want to determine the mechanisms linked to the variation of the magnetic energy EkM ðtÞ
and of the helicity Hk ðtÞ. They mainly distinguished two kinds of non-local eﬀects involving interacting triads ðk; p; qÞ: (ik ) k  p q which is linked to alpha or helicity eﬀect, and, (iik )

466

O. Agullo, S. Benkadda / Commun. in Nonlinear Science and Numerical Simulation 8 (2003) 455–467

p  k q which is linked to Alfven eﬀect. By focusing on the largest scales in the study above, we
naturally eliminated (iik ). We obtained that a convolution (cf Eq. (12)) is involved in the alpha
mechanism (ik ) and it is therefore natural to propose the conjecture that this is true at the scales
larger than the forcing scales and around the one where magnetic energy EkM ðtÞ is maximum.
Indeed, EkM0 <k ðtÞ decreases strongly when k 0 decreases, inhibiting a strong Alfven eﬀect. In this
context, ak is diﬀerent from zero in a k-space narrow interval IðtÞ centered around a value kpeak ðtÞ
such that maxk ðEkM Þ ¼ EkMpeak , and such that IðtÞ ¼ fk ¼ 1g when t is large enough. It is straightforward to obtain from (12) that dEkM =dt ¼ hk 02 ak0 ak0  bk0 iI where the brackets denotes a mean
over the modes k0 included in the interval I, and a is the potential vector. This is of course in
agreement with dEkM =dt k 2 ak Hk , the formula obtained by Pouquet et al. [1], and indicates that
this last formula is linked to the non-linear coexistence of helical waves at scales kpeak .

3. Conclusion
In this paper, we have presented a comparative study of helical and non-helical turbulence in
the frame of resistive MHD turbulence. We obtained, in agreement with previous works, that an
helical forcing generates a dynamo, the dominant mechanism of which is an alpha eﬀect. In the
literature, alpha eﬀect is usually associated up to some minor modiﬁcations and with some gradations, to the model equation (1). For instance, Cattaneo et al. [6] treat this equation as ‘‘only a
convenient way to express the relative importance of the production terms’’. As another example,
Brandenburg [9] devoted more attention to this model and computed alpha under the hypothesis
that this is a scalar parameter slowly evolving in time. We veriﬁed that our results agree with his
in a ﬁrst approximation. The main result of this paper is that in helical turbulence, alpha eﬀect is
a multi-modal non-linear mechanism and can be associated to a simple paradigm equation (12).
The validity of this model equation from a non-kinematic point of view, i.e. if we do not neglect
the back reaction of the magnetic ﬁeld on aLS and, thus, introduce non-linearities generated by the
magnetic ﬁeld, is not trivial. Besides, this equation involves a convolution operator which characterizes its non-local nature. It is noteworthy that, ﬁrst, these results are to some extends in
agreement with the theoretical works of Pouquet et al. [1] and, second, Eq. (12) is much more than
a convenient model equation, at least in the regimes studied. Moreover it does not seem necessary
to force at very small scales (and to introduce some two scales turbulence) for this model to be
valid. Another interesting observation issued from this work is that non-helical turbulence is
dominated by intermittent and localized magnetic structures, still to be studied in detail, evolving
in a practically non-magnetized environment.
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