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A growth-fragmentation approach for modeling microtubule
dynamic instability

Florence Hubert * Magali Tournus f Diana White *

Abstract

Microtubules (MTs) are protein filaments found in all eukaryotic cells which are crucial for
many cellular processes including cell movement, cell differentiation, and cell division. Due
to their role in cell division, they are often used as targets for chemotherapy drugs used in
cancer treatment. Experimental studies of MT dynamics have played an important role in the
development and administration of many novel cancer drugs, however, a complete description
of MT dynamics is lacking. Here, we propose a new mathematical model for MT dynamics,
that can be used to study the effects of chemotherapy drugs on MT dynamics. Our model
consists of a growth-fragmentation equation describing the dynamics of a density of MT's, coupled
with two ODEs that describe the dynamics of free GTP- and GDP-tubulin concentrations (the
individual dimers that comprise of MTs). We prove the well-posedness of our system and perform
a numerical exploration of the influence of the parameters on the systems dynamics. This
exploration helps provide insight into the action of MT-targeting chemotherapy drugs on MT
dynamics.

Key-words: Growth-fragmentation model, Banach fixed point, Microtubules dynamics.
Subject Classifications: 45K05, 92C37.

1 Introduction

Microtubules (MTs) are dynamic protein polymers that are found in all eukaryotic cells. They
are crucial for normal cell development, aiding in many cellular processes, including cell division,
cell polarization, and cell motility [2I]. Due to their role in cell movement and cell division, these
polymers are often used as targets for a variety of cancer chemotherapy drugs. Many experimental
studies have been completed to understand MT dynamics [9] 2, 23| [I], and how these dynamics are
altered by the addition of MT targeting drugs [I5} 26]. However, a complete understanding of such
dynamics is lacking, and so the development of new theoretical models to describe MT dynamics is
important.

MTs undergo a unique type of dynamics referred to as dynamic instability, which was first
described by Kirschner and Mitchison in 1984 [9]. This type of dynamics is unique to MT polymers,
and refers to the relative slow growth of a MT, followed by very fast depolymerization. The switch
from growing to shortening is referred to as a catastrophe event, whereas the switch from shortening
to growth is refered to as a rescue.

MTs are composed of tubulin heterodimers, and grow through the addition of GTP-bound
tubulin (guanosine triphosphate), generally from the so called plus end of the MT, and shrink

*Aix Marseille Univ, CNRS, Centrale Marseille, 12M, Marseille, France. Email: magali.tournus@centrale-
marseille.fr.

T Aix Marseille Univ, CNRS, Centrale Marseille, 12M, Marseille, France. Email: florence.hubert@univ-amu.fr

(Clarkson University, Department of Mathematics, Potsdam, New York. Email: dtwhite@clarkson.edu



Hydrolysis speed v(py) Growth speed 7

Polymerization ”
;\

Fragmentation

Stabilizing c

09’ c'
9o _ (*
Recycling

Figure 1: Schematic representation of the polymerization-fragmentation-recycling cycle. When the hydrolysis rate
exceeds the growth rate, the stabilizing cap (in light blue) gradually disappears. As soon as the cap completely
vanishes, a catastrophe (shortening event) can occur: the microtubule shortens and the remaining GDP-tubulin (in
blue) is released into the system. GDP-tubulin is then recycled into GTP-tubulin (in light blue) which is used for the
growth of other microtubules through polymerization.

through dissociation of GDP-bound tubulin (guanosine diphosphate) at this same end [2I]. The
minus end of the MT is generally more stable, being capped by stabilizing proteins.

As MTs grow, older GTP-tubulin dimers hydrolyze to the lower energy GDP-tubulin, creating
two distinct regions along the length of a MT. That is, a back end composed of GDP-tubulin, and
a front end composed of GTP-tubulin. This GTP region at the growing end of a MT is referred
to as the CAP. If a MT is growing at a rate faster than that of hydrolysis, the MT will continue
to grow. However, if the rate of hydrolysis is greater than the rate of growth, the CAP region will
begin to shorten. If the CAP region vanishes, the MT will undergo a so-called catastrophe, and
enter a state of shortening (fragmentation). See Figure 1| for a representation of the polymerization-
fragmentation-recycling cycle.

Since the discovery of dynamic instability, many theoretical [3| [7], stochastic, and computational
models [6] [12] 14} [I3] have been developed to better understand this unique type of behavior. Most
continuous models use advection-type terms to describe MT growth and shortening at the macro-
scopic level, whereas stochastic-type models, and many computational models provide a microscopic
description of dimer addition and subtraction (see for example the first stochastic model by Hill
and Chen [6]).

Here, based on the Hinow model [7], we develop a novel deterministic modeling approach in a
continuous setting to describe MT dynamics. Similar to the Hinow model, we follow the mean behav-
ior of a family of microtubules. The uniqueness of our approach is the use of a fragmentation term
in the MT dynamics equation to account for sudden MT shortening. The growth-fragmentation
equation is coupled to a system of ODEs that describe the dynamics of free-GTP and GDP-tubulin
populations. Models consisting of an ODE coupled with an integro-partial differential equation are
already extensively used and studied in the description of Prion dynamics [5]. To the best of our
knowledge, the use of a fragmentation term to represent the sudden depolymerization of a micro-
tubule has only been used by the authors [24]. One specificity of our model is the fragmentation
kernel which is not self-similar, so that our system cannot be easily reduced to a system of ODEs,
like was done for Prion.

In addition to modeling MT dynamic instability in the base case (the case without introduction
of drugs), we account for the action of MT targeting chemotherapy drugs on MT dynamics through



variation of certain model parameters. Such drugs work by acting on MTs during cell division,
causing cells to die, and alter the dynamics of MTs by either promoting MT assembly (MT stabilizing
drugs) or promoting MT dissasembly (MT destabilizing drugs). However, at low (non-cytotoxic)
doses, such drugs can alter MT dynamics without significantly altering the total MT polymer mass
[26]. The exploration of numerical solutions and their comparison with experimental results provides
insight into which parameters are likely to be regulated by the addition of MT targeting drugs. In
particular, these simulations will allow us to determine which parameter variations promote MT
stabilization and which promote destabilization.

This model describes the dynamics of MTs in an in vitro setting. Describing the dynamics of
MTs in an in vivo setting would require us to take into account many other cellular components,
such as MT associated proteins and other cellular components including the cell boundary [21].

The outline of the paper is the following: In Section [2| we detail the development of our model
which consists of an integro-partial differential equation, endowed with biologically realistic bound-
ary conditions to describe MT dynamics, coupled with two ODEs that describe the time evolution
of free GTP and GDP-tubulin concentrations. Here, we provide specific properties that certain
model functions and parameters must satisfy. Section [3] is devoted to the well-posedness of the
model. Here, we place more general assumptions on model parameters and functions. Finally, in
Sections [ we perform numerical simulations to illustrate the behavior of our model in the base
case. Parameters are estimated so that certain outputs of the model fit experimental data. In this
section we also incorporate the action of MT targeting drugs through alteration of certain model
parameters. Using these results we explore how stabilizing and destabilizing drugs might work to
alter the normal (base case) behavior of the MT /tubulin system.

2 Description of the model

The evolution of the density u(z,t) of microtubules of length x > 0 at time ¢ > 0 is described by
the one-dimensional growth-fragmentation equation . We neglect the complex cylindrical shape
of MTs, and assume that they have linear structures.

o0

ou(z,t) ou(z,t)

et o) 5 = 0 (= [ Koy ) + [ kot ) + No0)E()

(1)
Equation is coupled with a system of two ODEs, describing the time evolution of the con-
centrations of GTP-tubulin p(¢) and GDP-tubulin ¢(t), respectively,

Py = =160 [ ulo. o = N(p(e) + ralt) )
0 =56 [ utwt) [t oty adody - rate). Q

endowed with initial conditions u(z,0) = 0, ¢(0) = 0, and p(0) = po > 0, and with the boundary
condition u(0,t) = 0.

The transport term of equation describes the growth of MTs at rate (p) which depends on
the free GTP-tubulin concentration, since experiments suggest that M'Ts undergo periods of growth
that are dependent on this concentration. An example of v(p), which is similar to growth curves
found in experiment [11], is given by formula



0 for p < pe
7(p) = Oé(p - pc) for p. < p < poo, (4)
O‘(poo - pc) for poo < p,

where p. represents the critical concentration required to initiate MT growth, p,, the saturation
polymer concentration, and the growth rate parameter o > 0.

The main novelty of the model is the assumption that depolymerization occurs instantaneously,
and not at a finite rate. The integral term of equation describes a shortening event. We
consider that such an event has a chance to occur when the fixed rate of hydrolysis 7" exceeds
the rate of growth v(p(t)) of a MT. We assume p., large enough so that a(ps — pc) > 7", and
then, v(p) < " & p < (" + ap.) /o := py. If p falls below the value pj,, MTs will have a chance
to shorten. However, if p stays above the value pp, there is no MT shortening. We introduce the
parameter 3(p) defined as

Bp) = ool = Hp,pn)),  Hlp,pn) = 5 (1 + tanh(c(p — pn))). (5)

where B denotes the maximal shortening rate of MTs and H(p,pp) is a smooth approximation
to a heavy-side function. Here, ¢ describes the steepness of the transition between 0 and S (i.e.,
the larger the value of ¢, the steeper the transition). The fact that the function § is smooth is a
technical assumption that we need in Section

The function k(y,z) from equation represents the rescaled probability that a MT of size y
shortens to a MT of size x < y, where the remainder of the MT completely depolymerizes into
GDP-tubulin dimers. Biological observations (see Figure [2)) of such shortening events point out two
different cases: either MTs of length y shorten by an average fixed length xo [16] and then give rise
to a newborn MT of average length y — zg, or MTs of length y shorten to give rise to newborn MT's
of average fixed size zg. These two cases help define the following two shortening kernels, kg and
k1, respectively:

1 —(z — x0)?
ex ,
oV 2w P 202

In Figure [2] (left), we show a single kymograph, illustrating the growth dynamics of a single MT
over time (taken from the experiment of Pagano et al.[16]). A kymograph describes the growth
trajectory of a single MT, and is read from top to bottom. In the experiment [16], all MTs shorten
by approximately the same distance xy. In particular, the shortening distances can be fit to a
Gaussian like kg, where the standard deviation o is very small. Possible values for zy and its
standard deviation o are summarized in Table [I

The final source term in equation (L)), N(p), describes MT nucleation (the birth of a MT). We
assume

ko(y,z) = G(y — x), ki(y,x) = G(z), G(z)= xog>0,0>0. (6)

N(p) = wp™H (p,pN), (7)

where H(p,py) is defined as in equation . In particular, equation (7)) states that if the value for
GTP-tubulin (p) falls below the critical nucleation value py, nucleation is switched off. Here, p is
called the nucleation parameter and m is linked to the minimum number of GTP-tubulin dimers
required for nucleation. Freshly nucleated MTs have a size between 0 and ;. The weight &(x) is
then defined as
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Figure 2: Examples of the growth-fragmentation process. Left: A kymograph showing a MT that shortens by
approximately the same size zo (the appropriate kernel is ko) Center: A kymograph showing a MT that shortens
to the same size zo (the appropriate kernel is k1). The experimental conditions underlying these Kymographs are
described in [I6]. Right: Schematic representation of the two types of kernels, k1 and ko, respectively.

§(x) = On (1 = H(x, Tmin))- (8)

Here 2, is defined in Table [I] and Cy is a normalization constant that ensures we have the
property

/Oog(x) xdr = 1. 9)
0

Equations and represent the time evolution of GTP and GDP-tubulin, respectively. The
first term in equation describes removal of GTP tubulin due to MT growth, while the second
term describes removal due to nucleation. The final term describes GDP/GTP recycling, where
k> 0 is the recycling rate of GDP to GTP tubulin. The first term in equation describes all
GDP-tubulin which comes from a shortening event, while the second term accounts for GDP/GTP
recycling.

It can be shown by formal integration that the total mass of the system ,, is preserved.
Specifically, the total amount of tubulin in polymer and free form does not vary with time so that

% </ooo zu(z, t)dz + p(t) + q<t)> — 0.

It can also be shown that increase in the total number of MTs is only due to nucleation. That

: % < /0 - u(x,t)d:n) ~ N()) /0 ~ e(w)da.

3 Well posedness of the PDE model

In this section of the paper, we focus on the well-posedness of the model developed in Section [2]
To avoid cumbersome calculations, we reduce the system defined by equations , , and to
a system of two equations. In particular, we assume that the exchange rate of GDP-tubulin to
GTP-tubulin is instantaneous, and so we need only to consider the equations for v and p. The



generalization of the results that follow, to the full system, is straightforward. The PDE model we
consider is written as

2 o) P = (o0 (- [ ke o)+ [ Kduty.0an) + N Go0)e()
(10)

T = =16 [ ule.dz+56(0) [ a0 [ - okpaddeds =N, 1)
u(z,0) =0, u(0,t)=0, p(0)=po. (12)

A similar system was introduced and developed in the context of Prion proliferation. Global exis-
tence and uniqueness of a global solution was then studied in [I0] [22] [20] using semi-group theory.
The main difference between our model and that studied in [I0] and [22] are the time-dependence
of the function 8 and the fact that the fragmentation kernel is not self-similar.

3.1 Assumptions on the parameters

Here, we outline assumptions on model parameters required for our main result. The polymerization
growth rate y(p) is Lipchitz and bounded so that

0 <7(p1) < Yoo, Iv(p1) — v(p2)| < alprt —p2|, p1,p2 € RT. (13)

The nucleation density satisfies
¢ € CHRT), /0 &(z) xde =1, Supp(§) C [xfn,asz], I = /0 &(z) do < oo, (14)

0< N(p) £ Noo, p€ERT. (15)

The rate of fragmentation satisfies
e L®RT)NC'RY), 0<B(p) <P, peR". (16)

All parameters satisfy v(p) = N(p) = B(p) = 0 for p < 0. The fragmentation rate is bounded such
that

Y
| My ado = Bl). B eLx®"), (17)
0
where the kernel k satisfies
k(z,z) =0, x € RT, k(z,0)=0, z € R", k(zr,y)=0ifx<y, z,ycR", (18)

and we assume the additional properties

y y y
/ k(y,z)(y — x)dx < My + My, / |O1k(y, x)| de < Mo, / |02k (y, )| de < Ms.  (19)
0 0 0

Two different kernels are considered for application:

GO(Z/_$)7 y >z, Gl(l’), y >z,
ko(y,z) = ki(y,x) = 20
oy, 2) { 0, otherwise, 1(y:) 0, otherwise, (20)

for some Gg, Gy € Cé(O, +00). These two kernels correspond to the experimentally observed cases
illustrated in Figure 2l The kernel kg satisfies properties with M7 = 0. In the case M; = 0,
the proof of existence is easier (than when M; # 0), thus we treat this case independently. For any
f € L>(R*) we use the notation foo := || f|| poo (r+)-

6



3.2 Main result

Theorem 1. Under assumptions (13| , , , (16), (17) (18) and , there exists a unique
solution (u,p) € C(RT; LY(RT, (1 + x)dac)) X C(R ) to the system ([LO)) E Moreover it satisfies

forall T >0
0 <p(T) < po, / u(z, T)xdx < py, and / u(z, T)dx < N(po)T,
R+ R+

and / Bu

for some positive constants K1 and Ko given by

(2, T ‘dm < K\T + KoT?,

Ky = (2§, — 25)N(po)€h, K2 =

B%J())N(po)fg(Mz + Ms).

Strategy of the proof We build a sequence Ty, 71,75 ... and prove by induction that the system
admits a unique solution over [0,7},], and that T,, — co. To do so, we assume that there
exists a unique solution (u*,p*) to the system (10]), over [0,7,]. To extend this solution to
(17, Tt1], we use the Banach fixed point theorem in the Banach space Y = C([T},,7]) endowed
with [|p|ly = sup |lp(t)||. For a given function p € Y, we define u as the unique solution for ¢t > T,

n=

and x > 0 to the equatlon

P a0 et = oo (~ute) [ wtsian+ [ ka1 ) + Npo)e(a),
(1)
u(x, Ty) = u*(x,Ty,), u(0,t)=0. (22)

For the function u given by equations and , we then define p := G[p] as the unique solution
satisfying the equation

(°%S) 00 Y
T =160 [ u@de+ 560 [ a0 [ -0kl - No0)  (23)
p(Tn) = p* (Tn)v (24)

for t > T,, and z > 0.

We obtain the unique extent (u, p) to the solution (u*, p*) of system and ([L1), over [Ty, Tp41]
as the unique fixed point to map G for p, and the unique u satisfying and where we replaced
p by p. To make further notation less complicated, we drop the dependence in n for the space Y
and the map G. The sequence of lemmas that follow provide us with the necessary details needed
to extend the solution to [T, T, +1], and provides us with an explicit expression for T),41. These

steps will lead us to the desired end result, the proof of Theorem [IJ As a first step, we show that
G is well defined.

3.3 The transport-fragmentation equation

For a,b,c € L*®(R*") and T, > 0 given, we consider the transport-fragmentation equation for z > 0
and t > T,

ou(x,t)
ot

o255 —b00) (<o) [ htgddn+ [Tk utudy ) + etielo)

u(z,T,) = u*(z,T,), x>0, u(0,t) =0, t>1T,.

(25)



Lemma 1 (Well posedness of ) Assume a,b,c € L®°(R") with a >0, b >0, ¢ > 0, then, there
exists a unique solution to in C([T,,00), LY(R")). Moreover, we have the following properties

1. Positivity. If u*(.,T,) > 0, then u(.,t) >0 fort > T,.

2. Compact support. If for some M > x?w, supp(u*(.,Ty)) C [0, M + axcT}] (this is true for
T, =0), then supp(u(.,t)) C [0, M + asot] fort > T,.

Proof. The proof of Lemma relies on a (second) fixed point argument. For any 4 € C(RT, L1(R™T))
such that u > 0, a.e., we define u := F[u] as the unique solution to

8“;”;”5) + a(t)aué? b _ b(t) (—B(:C)U(a:,t) + /:o k(y, x)U(y,t)dy) + c(t)§(z),

u(z, T,) = u*(z,T,), >0, u(0,t) =0, t>T1T,.

(26)

Step 1. The map F is well defined.
Based on the method of characteristics, we explain why the map F is well defined. The charac-
teristic curves are defined for all time ¢t > T;, as

Z(t;to, yo) = a(t), Z(to; to, Yo) = Yo,

and for all (z,t) € Rt x [T},,+00), there exists a unique (zo,to) such that either to = T),, either
x = 0 and such that Z(t;tg,79) = x. Let us first assume @ € C'(RT x R*) and v*(.,T},) € C}(RT).
The function wu is a solution to if and only if it satisfies the linear equation

D2 (0:10,0).1) =b(1) (—B(Z(t;to,yo»u(Z(t; w0+ [k, Z(t;to,yo»a(y,t)dy)
Z(t;to,y0)

+c(t) E(Z(t5to, yo))-

There exists a unique global solution u(Z(t;to, yo),t)) to the linear ODE ({3.3)) since b, B, k, ¢ and &
are continuous and nonnegative. A regularization process gives us the existence of a weak solution
u € CY(RT, LY(RY)) for @ € CY(RT, L*(R")) and u*(.,T},) € L'(R). Moreover, we have u(x,t) >
0, a.e.
Step 2. The solution u is compactly supported. Let us assume supp(u*(.,7,)) C [0, M +
aooTy] and supp(u(.,t)) C [0, M + axt| for t > T, for some M > m%/[ The characteristic curve
passing through a point (z,t) where x > M + axt emanates from (x,T),) where z > M + a1, (or
from (0,¢9) for a given tp > 0). On the characteristic curves emanating from the anchors (z,T,)
where © > M + ax T, > x?w, the solution u is constantly equal to zero (both the initial condition
and source term are zero) . Then, for x > M + asot, with M > xﬁ/l, we have u(z,t) = 0.
Step 3. The map F is a contraction.

We prove here that F is a contractive map in the Banach space

X =CH (T T+ THLI R de)),  Julx = sup  Ju(t, )loiwe, de)-
Ty <t<To+T

The proof is a straightforward adaptation from [I7], page 59. For (uy,2) € X2, we define (u1, us) €
X2 as uy := F[@y] and ug := F[tz]. The function u = u; — us then satisfies for 4 = u; — 12

o0

Ou(x,t) Ou(x,t)
Y +a(t) B b(t) (—B(x)u(x,t) +/x

k(y,x)ﬂ(y,t)dy> :

8



We multiply the above equation by sign(u), integrate over R™, and intergrate with time to get

[ullx < T boo Bool|t]|x

which means that as soon as 7' < 1/(2bsBwo), F is a strict contraction in the Banach space X
and this proves the existence of a unique fixed point. We can iterate the operator on [T,, + T, T}, +
2T, [T, + 2T,T,, + 3T}, . ... since the condition on T" does not depend on the iteration. With this
iteration process, we have built a solution to in C*([T},, +00), L*(R")). Properties 1 and 2 of
lemma [I] are preserved by the map F and are thus true for the fixed point.

O]

The following sequence of Lemmas shows that the map G is a contraction from Y to Y.

Lemma 2 (L'-estimate). Assume a,b,c € L>(R*). The solution to satisfies for Ay = cool¢
/ u*(z, Ty)dr < A1T,,  implies / u(z,t)de < Art, t>T,.
R+ Rt

Proof. We integrate equation (21)) over R™ and use the condition at z = 0 and the compact support
property

— w(z,t)de = c(t)le < coole, t > Ty,
dt Jr+

which directly implies Lemma [2| after a time integration. O

Lemma 3 (W!! estimate). Assume a,b,c € L°(R"). Then there are some positive constants Ay
and As such that if u* satisfies the premise of Lemma@, then the solution to satisfies fort > T,

/ Ou (z,T,)dx < AQT,% + A3T,,  implies / % (z,t)dx < Aot? + Ast,

R+ ox R+ ox

with 1

A2 = iboocoolg(MQ + Mg), Ag = ((IZ%/[ — x%)cooﬁéo

Proof. Let us first differentiate equation (25) with respect to x (on a regularized solution):
0 Ou 0 Ju a [* ou
——(z,t t)——(x,t) =b(t)| — t)— k dy — B(x) —(x,t
G ) ) g ) =b0) (= ) 5 [ bty — B S

N (27)
+ ;;/x k(y, x)U(yvt)dy) + C(t)gi("’”)-

We notice that, thanks to

a X T a (o) o0
g / k(x, y)dy = / nk(y,o)dy, — / Ky, 2)uly, )dy = / Duk(y, x)uly, 1)dy,
3:17 0 0 ('3:1: T T

since k(z,z) = 0. We now formally multiply by sign (?(w,t}) (actually, we multiply by a
T

0
regularization of sign <8u(x, t)> and pass to the limit - see [I8] for details). From this, we get
x

9
ot

@
ox

0

(2.8) + alt) 5 | 5

ou

0.0 —siun (520 ) utet) [ k(g

n / ~ sign (g;‘(a;,t)> Bake(y, a;)u(y,t)dy) + c(t) sign (g;f(m,t)) gi(w)-

(z.) = b(t) ( - B(x)

9



And, after integration we have

d

ou

8$( ) de < Fi(t) + Fa(t) + F3(t) + Fa(t) + F5(t),

where, using Lemma [2| for F3 and F5,

ou

%(x,t) dx <0,

Ru(t) = =b(t) | B

F5(t) < b(t)/ / |01k(y, z)||u(z, t)|dyde < booMacoolet,
Rt JO

Fy(t) < b(t) / / 1ok (y, 2) [y, O]dyde < buocooleMst
R+ Jx

R =c(0) [ |5 @)

and since u(0,t) = 0, writing equation at x = 0 gives us

dr < coo(a;M — §)E,

ou

Fi() = ~a(0)| 50,0 =000 [ K. 00ty -+ e)6(0) =0,

In summary, we have

4
dt

ou

8x(x )| dr < booCoole (M2—|—M3)t—|—coo(xM — a5,

Then, integrating over [T),,t] we obtain the conclusion of Lemma
O

Lemma 4 (L!-stability). For (a1,b1,c1) and (ag,be,c2) two triplets of functions of L°(RT), if u}
satisfies the premise of Lemma and Lemma@ the associated solutions ui and ug to satisfy
fort>1T,

/+ |u(z, t)|de < Ayllar — ag||oot® + (Asllar — azllos + As[|b1 = balloo) £ + Ie[ler — calloot
R

where

A
U= uy — ug, A4: ?2, A5 :2BoocooI§-
Proof. The difference u satisfies

O 1) = a1 () o, 0) + (aa(t) — >>8“2 (2,1

)
i) (~Bente+ [ Rt

+<b1<>—b2<>>( (ehuatent) - [ k(y,x>u2<y,t>dy>
+ (c1(t) — ca(t))E(x).

10



Multiplying by sign(u(x,t)) we obtain

Olul

Ml at) <~ s 0 @,0) + lastt) — ()

ot

S )

+by(t) <—B(x)|u(w,t)\ +/x

+ [b1(t) — ba(t)| (B(x)\uQ(x,t)] —i—/
+ le1(t) — e2(t)[€ ().

k@@mwmw)

kmmmwmw)

Now, we integrate over RT and get

d >0
— | |u(z, t)|dz <|as(t) — al(t)!/ 8 (2,0)| da + [er(t) — ealt)|Ie
dt R+ 0 833'
o0 [o¢] o0
#0000 ([ Bloluato o+ [ [T kot olads )
0 0 x
and so
d
% . \u(x,t)ldm SHal — CLQHOO(AQt2 + Agt) + I{HCI — CQHOO + 2Hbl — b2HooBooCooI£t-
R

Integrating over time and taking the supremum over ¢ € [T),,t], we arrive at the conclusion of
Lemma [4] O

Lemma 5 (L!(zdz) estimate - only for My # 0). Assume a,b,c € L®(RT). Then, if u* satisfies
the premise of Lemma@ the solution u to (25)) satisfies

/ u*(z, Tp)xdr < py implies / u(z, t)xdr < AgeATtTn) 4 A’GTneA7(t_T”), t>T,
R+ R+

with

Coo(booMl + Igaoo + booMofg) r_ Coolg(booMo + aoo)
b2 M} r0 boo M

Ag = po + ;A7 = boo M.

Proof. We multiply equation by x and integrate over RT to get

d y
@ o zu(z, t)dr = a(t) /R+ u(z, t)dx + c(t) + b(t) /R+ /0 k(y, z)(z — y)u(y, t)dzdy

which implies

d
el 2u(z, 1) dr < aooCoolet + Coo + boo (Mocoolgt + M, /
dt Jr+ R

zu(z, t)d$> .

+
The solutions to the ODE ¢/(t) = r + st + wg(t) are written

1
rw + it,

t) = Ce"" — -
gC() e w2 w

then, the solutions f to
fl) <r+st+wf®),  f(Tn) < po,

11



satisfy for any C' € R (Gronwall Lemma)

Ft) < got) + (F(Tn) — go(Tp))e =),

rw+ S _ S _
3 eWIn 4 2T e=wTn we have
w w

f(t) < Ce™, which leads to Lemma O

Thus, if we take C such as go(T),) = po, i.e. C = (pg +

Lemma 6 (Wh!(xdx) estimate - only for M # 0). Assume a,b,c € L>°(RT). If u* satisfies the
premise of Lemma[d and Lemmal[3, and if

J

then the solution to satisfies
.

_ booAﬁ(Mg + Mg)
= A

ou*

a0 1)

zdr < ATy, + AroT? + AT,

ou

ECGDIE AgeNTn) 4 Aot + Aot + Ayt + ApTedT) > 1.
X

with

A A
L Ag = coo(aS, — 25)25,E0, A0 = oo =2, ALl = oo =2, Aty = Boo Al

A
8 2 3

0
Proof. Let us differentiate equation (|25 with respect to z and multiply the result by x sign (au (z, t)) i
x

This gives

9
ot

i
ox

Ju
ox

ou * . ou
agc(x,t)‘ - x/o O k(x,y)dy sign <a$(m,t)) u(z,t)

+ sign (gZ(x,t)> . / h Ooh(y, x)u(y, )dy) + (1) sign (gz(x,t)) m%(z).

du

. (x,t) + a(t)

X

(z,t) = b(t)( — +B(x)

After integration and using the same kind of estimates as those used for Lemma [3| we have and
using Lemma [f]

4
dt R+

ou

T %(aﬂ, t)|dx < booAg(Ma + M3)€A7t + aoo(Agt2 + Ast) + Coo($§\4 — :Ufn):v?wféo

and the conclusion of Lemma [f] follows after time integration. O

Lemma 7 (L!'(xdx)-stability- only for My # 0). For (a1,b1,c1) and (ag,ba,co) two triplets of
functions of L°(R™), the associated solutions uy and uy to satisfy

/ x|u(z, t)|dx < Aqzed7=Tn) 4 Aqgt, t>1T,,
R+

where
1 v 2y 6z

Attt
v = (A3Ha1 — a2Hoo —+ M[)Ifcoo”bl — b2”oo + Molfboo”cl — 02”00)7
y = Mo((A2 + Asz)|la1 — azllos + As[b1 — b2|[0),

z = M0A4Ha1 — CLQHOO.

A3 = Ay = (M1 + 2Boo)Hbl - b2||ooA67

12



Proof. We multiply the equation (3.3) (satisfied by u) by @ sign(u(z,t)) and we integrate it over R™
so that

— < — ! — =
; - x]u(:r, t)‘dl’ al (t) /R i ($ t)dx + ]al(t) ag(t)’ /R+ X (.’IJ, t)

w0 [ =kl Olds + o) 0] | at@da

0 =ta(®) [ [ K (esientulz ) - ysin () (e,

dz

Then,
d

z|u(z, t)|de < booMl/ zlu(z, t)|de + |le1 — calloo + 3 My Ayllar — asl|oo
dt Jr+ ~~—JRr+

Az
+t°Mo((A2 + A3)[|ar — azloe + As|[b1 — b2|o)
+ t(AgH(Il — CLQHOO + Mo]gcopol — b2||oo + Mo]gbOOHCl — CQHOO)
+ (M1 4 2Bso)||b1 — ba|lsc AgeM,  t € [T}, T, + T).

A function satisfying f'(t) < u+ vt + yt? + 2> + me?=Tn) 4 /Ty et=T) Ly f(t) with f(T},) =0

1 2 6
satisfies f(t) < < + i + i + Z) e?(t=Tn) + mt, and we obtain Lemma

Lemma 8 (A-priori estimate for the solution). Let us assume that there exists a solution (u,p) €
C(RT; L*(RT, (1 4+ z)dz)) x C(RT) to the system (10), with boundary conditions fort e
[0,T,] for some given T,, > 0. Then, it satisfies

0 < p(t) < po, / u(z, T)xdx < py, and / w(z, T)dx < N(po)lT, for T >0. (28)
R+ R+

and /

for some positive constants K1 and Ko given by

8u

(z,T) )daz < KiT + KoT?, for T >0, (29)

Bpo)
2

Ky = (25, — 25)N(po)eh, Kz = N (po) Ie (M + Ms).

Proof. The proof of is a direct application of Lemma O

3.4 The map G is a contraction

We now show that G is a contractive map.

Lemma 9 ( Estimate for ||p||y). We fiz T,, > 0. For a couple of functions (p1,p2) € Y2, we define
p1 = G[p1], p2 = G[ , p: =DP1 - P2 and p: = p1 - p2, where the initial conditions p}, p5, ui and
u5 are solutions to ., . over [0,T,]. (We recall that Y and G depend on T,,.) Then we
have

1. In the case My =0,

Iplly < T (Ais(Th + T)* + A16(T, + T)* + A17(T + T) + Ass) |1P]ly-

13



2. In the case My # 0,

Iplly < T (Aus(T + T) + Arg(To + ) + Aiz(To + T) + Ars + Arge ™) | p]y,

where

A1s = (BooMo + Yoo)Ascr,  Ats = (BoocMo + Voo ) (Asa + AsB8L),
Ar7 = NI (Boo Mo + Yoo) + Noole (o + BLo M),
Ayr = Ayr 4+ M1 BocArz, Aig= N, Ajg= M (B As+ BooArz), A9 = MS A

Proof. We denote by u; the unique solution of with p = p;. We define u := uq — uz. We have

PO =10 [ w0z = (0) = 1(0) [ et

#0000 ([ o)kt adac) dy
+00) - 820 [ 0 ([ 2ty a)is ) ay
FNGE) - NG, € [T+ T,

which after integration over [T,,,t] for ¢t € [T,,,T,, + T gives us

Ip1(t) — p2(t)] < /t v(pi(s ))/ Ju(, s)\dacds—i—a/ lp1(s) (s)\/R+ ug(x, s)dxds

+Boo/n/R+ (y,s (/ (y—x)k(y,w)dw) dy
# [ 1n(s) - o) /R a9 ([0 ke ) s

b N / 51(5) — pa(s)|ds,  t€ [T, T +1T].

We take the supremum over [T},, T;, + T'] on both sides such that

Iplly < Tlplly (Néo + /FH(BQO(MO +Miz)+a)  sup  Ju(z,t)] dﬂ«“)

t€ [T, T 4T

+T (/|Q+(%O + Boo(My + Miz))  sup |u(33,t)]dm> )

te€[Tn, Tn+T)|
We now use the previous Lemmas that we apply for
(oo = Yoo, boo = Boos Coo = Nu, [la1 — azllec = allplly, [1b1 — b2l = BLlIBlly ller — e2lloc = N [Py

We distinguish two cases. First, we consider M; = 0. Using Lemma , we have

[ e Tde = [ uile e < NGO,
R+ R+
so that Lemma implies

/ ug(x,t)de < Noole(T, +T), te(l,,T,+T].
R+

14



Since

6U2 /
72 dx —
/R+ ox v R+

we can apply Lemma [4| and obtain
Iplly < TUplly (N + (T + T) (NiTe(Boe Mo + 7oc) + Noo e @ + B Mo))

(T + T)2(Boo Mo + Yoe) (Agr + Asfe) + (To + T)*(Boc Mo + Yoc) Asct)

ous
or

dr < K1\Tp, + KoT? < AT + A3T,,

(x,Ty)

(x,Ty)

which leads to the conclusion of the first item of Lemma [0 For the case M; # 0, Lemma [§ implies
that

/ zu(z, T,)dz < po
R+

so that we can apply Lemma [5] We also use Lemma [7] and we obtain

Iplly < Tlplly (Néo + (T + T) (NI (Boo Mo + Yoo) + Noolg (o0 + B Mo) + oo M1 A14)
+ (T + T)?(Boo Mo + o0) (A + A585) + (T + T)*(Boo Mo + Yoo) Ay
+ M1 (85 Mi(Ag + AGT,) + 5ooA13)€A7T)
which ends the proof of Lemma [9} ]

The next Lemma is the last Lemma required for the proof of Theorem
Lemma 10. We can build a sequence Ty = 0,11, ..., Ty, Thy1,... such that
1. For all n € N, there exists a unique solution to system fort €0,T,],

2. lim T, = +oco.

n—oo

Proof. Let us assume that (u*,p*) is a solution to system for t € [0,T,]. For the couple
of functions (p1,p2) € Y2, we define p; = G[p1] and pa = G[pz]. Lemma |§| gives us

1G] — G|y < T<A15(Tn FT) 4 Arg(Th + T)% 4+ Apr(Tpy + T) + Arg + Arge™T
i (30)
+ A19Tn6A7T> o1 — p2lly,

where the As are those defined in Lemma @ The map G is a strict contraction provided that the
sum in is strictly less than 1, which is implied by the fact that each of the 6 terms is strictly
less than 1/6. As a consequence, the map G is a strict contraction over [T,,, T, + T as soon as T
satsifies the 5 following conditions:

T< 61;18 =:G1(Th), T < — ! N = Go(Ty,), T < ! i G3(T),
6A&7(Ihﬁ_6Aas> 6A16(7h*_6A48>
T < 1 1 - Gu(To). T < AllgeA7<Tn+6A18> =: G5(T}),
o (1 57
1
T<:A£ﬂf_m<n+&%8>=:Gdﬂﬂ-
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Then, the Banach fixed point theorem guarantees that we can extend the solution to [T),, T, + 7.
The sequence defined by induction through

Ty = 0, Tn+1 =T, + Hlil’l{Gl (Tn)a GQ(Tn)a G3(Tn)a G4(Tn)a G5(Tn)a Gﬁ(Tn)}a

is diverging, since it is strictly increasing and the application x — z+min{G1(z) + G2(x) + G3(z) +
G4(x) + G5(x) + Ge(x)} has no fixed point.
O

4 Numerical results

In this section, we describe results of the numerical simulation of equations , , and . First,
we outline the numerical details of our approach. Then, we illustrate the behavior of our model by
running a variety of simulations. In particular, we show how variations in certain model parameters
change the qualitative and quantitative behavior of solutions. Such exploration gives us a better
idea as to which parameters might be influenced by the addition of MTAs into a system of growing
MTs. We simulate our model using a finite difference method. For the advection terms in equation
we use an upwinding approach, and an explicit Euler strategy for the ODEs and . All
integral terms are calculated using an order 0 quadrature method, adjusted to preserve tubulin at
the discrete level.

All simulations are implemented in Matlab using custom code. We discretize our domain into
100 grid points, where the distance between each grid point, Ax, is constant and equal to 0.2um.
Thus, our domain is 10 um in length. As we are only considering short time simulations, this domain
size is appropriate (i.e., MTs do not grow larger than this size). Also, we choose an appropriate time
step so that our scheme satisfies the CFL condition [25]. Our time step, At, equals 0.001 seconds.

4.1 Parameter values in the base case

Table 1: Table of model parameters

Model parameter Description value
a growth parameter 2 P
AP Baseline hydrolysis rate £
Boo Shortening rate 20 £
x Shortening distance 1.6 pm
o Standard deviation of xg 0.2 ym
W Nucleation rate 0.1 Mjnin
m Dimer nucleation number 2
Cn Normalization constant (from equation ) Cn 1/4

Tonin Maximal size of nucleated MT's 0.8 pym
K GDP/GTP-tubulin exchange rate 2 ﬁ
De Critical growth value 2 M
DN Critical nucleation value 12 pM
Do Initial GDP concentration 15 uM
Ph Critical fragmentation value 4.5 uM

Our base case parameters for the numerical simulations are summarized in Table (I For some
model parameters, their order of magnitude was determined from the literature. In particular, the
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hydrolysis rate is found in [4], the shortening rate S in [23], the dimer nucleation number m in
[19], and the GDP/GTP-tubulin exchange rate x in [23]. Other parameters were estimated through
discussions with biologists [8]. The purpose of simulations is to provide insight into the qualitative
behavior of our system for realistic model parameters, not to provide quantitative results.

4.2 Simulation results in the base case

We first describe simulation output that can be compared with experimental data.
One quantity of interest is the average MT length (i.e., the total amount of tubulin in polymer
form). This average, between T, and Tynaq, is defined as

_ 1
(7 = -
tot Tmam - Tmzn /

Tmin

Tmaw

utot(t)dta utot(t) = / U(IL‘, t)l’d{l,‘,
0

where Ty, is the time at which the first GTP-tubulin population begins to stabilize (we will describe
this in more detail later in this section), T},q, is the maximum time of simulation, and () is the
total tubulin in polymerized form at time t.

Similarly, we can write the mean MT growth rate as

Tmaac

. 1
V=T / v (p(t)) dt.

Tmin
This quantity can be estimated experimentally using data collected from kymographs (recall Figure
9.

In many of the existing models used to describe MT dynamic instability, information regarding
MT growth and shortening, as well as the frequencies of switching between states of growing and
shortening, are fixed parameters [3]. In particular, these parameters are required as model input for
the simulation of MT dynamics. In experiments, these parameters are observables, and can vary
depending on the conditions of the system. Our model is different from other models, as we only
require information about how MTs shorten and grow. The frequency of switching between growing
and shortening states, as well as the mean MT growth rate, cannot be determined exactly from
the outputs of our model. However, we suggest a way to roughly estimate these quantities. The
frequency of switching between growth and shortening is referred to as the catastrophe frequency
(fc), while the frequency of switching between shortening and growth is referred to as the rescue
frequency (f). Using the common definitions described in Walker et al. [23] we write,

number of catastrophe events d f number of rescue events
an = .
total time spent growing " total time spent shrinking

fc =

We assume that at locations where the function u..(t) attains an extremum, a catastrophe or a
rescue occurs. We define a sequence of times 17, T, ....Tk, as times at which maxima (catastrophe)
and minima (rescues) occur, where M denotes the total number of catastrophe events and N the
total number of rescue events (M + N = K). MTs start growing from zero length at time Tp, thus
T1 necessarily corresponds to the time of the first catastrophe event. Further, since a catastrophe
is always followed by a rescue (and vice versa), the following definitions precisely describe the

catastrophe and rescue frequencies:

M -1 N
fC = _ and fr = .
S Toigr — T SO [Toi = Toia]
Here, we do not include the first period of growth (77 — Tj) into our definition for total time
spent growing, as it is during this time that freshly nucleated MTs are introduced into the system.

(31)
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A comparison between the prediction of our model in the base case and the outputs of exper-
iments performed by the group of Honoré et al. [16] is displayed in Table Note that for this
particular experiment, there was no information for total polymer concentration .

Table 2: Table of model output for kg compared with experiment

fe fr Utot 7 Time spent shortening
Units min™'  min~' pM  £Z percent
Model ouput 2.38 9.17 7.9 5.2 28

Experimental output 2.57 7.12 N/A 12176 £ 7.8 25.21
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Figure 3: Left: Example of oscillating populations of tubulin found in MTs, free GTP-tubulin, and free GDP-
tubulin. Parameters used are summarized in Table [l Shortening kernel ko is used. Right: Extended simulation of
the figure to the left. MT dynamic instability is only sustained over a relatively short period of time. For large time,
MT dynamics are completely suppressed.

Figures 3| (Left) and (Right) illustrate oscillating populations of tubulin in polymer form as well as
oscillating populations of free GTP- and GDP-tubulin using the base case model parameters given
in Table In Figure [3| (Left), we highlight catastrophe and rescue events by red dots and blue
dots, respectively. Also, examples of shortening and growing time periods are highlighted. Using
Figure [3| (Left), we calculate values for f. and f, using formulas , and the mean MT length
Ut and growth rate %, using formulas and , where Ty is set to 17 (the time of the
first catastrophe event). From Figure (3| (Left), we see that at 77 the GTP-tubulin concentration
approaches a mean value which is close in value to py.

Functions of the system , , and that depend on the value of p include the nucleation
rate N(p), the shortening rate 3(p), and the growth rate v(p). Recall that, the critical nucleation
value py = 12uM, the critical growth value p, = 2uM and the critical fragmentation value pp =

’Yh + ape
———— = 4.5uM. At time t = 0, p = 15uM, thus N(p) > 0, S(p) = 0 and ~v(p) > 0: new

micr%tubules are formed by nucleation and they grow so that the total mass of microtubules increases
and p decreases. At time ¢t = 0.1, p goes below the critical nucleation value py; from that point,
nucleation stops, which slows down the creation of polymerized tubulin. At time ¢ = 0.8, p reaches
the critical value p;, and fragmentation is initiated: microtubules start to shorten, and free GDP-
tubulin (gq) is created. We notice that the amplitude of the oscillations, as well as the period of
oscillation, decrease with time. This result suggests that MT dynamic instability may only be
sustained over a relatively short period of time. Figure |3 (right) illustrates the dynamics of MTs
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over a ten minute time period.
4.3 Comparison between k; and k;: a closer look at shortening distance z;, and
shortening rate .

In this section, we show simulation results for system , , and . For the different shortening
kernels, kg and k1, described in equation @, we will compare long-term tubulin concentrations, as

well as long-term MT length distributions.

x0=0.4 x0=1.6 superimposed long-time
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Figure 4: Examination of tubulin concentrations for varying zo and k;.

Figures 4] and [5| illustrate MT tubulin concentrations for varying shortening distance xy and
varying shortening rate 8., respectively. Here, we note that short-term dynamics differ for differing
values of 2y and [ for kernel kg, but not for k1. Further, we note the long-term dynamics (i.e.,
the steady-state values of GTP-tubulin, GDP-tubulin, and total tubulin in polymer form) remain
the same in all cases, regardless of the shortening distance xg, rate S, or kernel k; used (result
shown in panels (c) and (f) of Figures [4] and [5] )
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Figure 5: Examination of tubulin concentrations for varying Bec and k;.

Figures [0] and [7] show the temporal evolution of the MT length distributions for varying short-
ening distance zy and varying shortening rate .o, respectively. Figures [6](c) and (f) illustrate the
long-term (steady-state) MT length distributions. From these figures, we see that larger values of
Tg, result in distributions with higher numbers of shorter MTs. This result makes sense, as MTs
undergo larger shortening events for higher values of zy. Unlike these results, Figures m(c) and (f)

illustrate that steady-state MT length distributions are very close for each k;, regardless of the value
of B used.

4.4 Dependence of 7" and x on MT dynamics: insight into drug effects

In this section, we show how variations in certain model parameters change the total polymerized
tubulin (MT length), and in some cases we also show how these parameter variations change the
GTP-tubulin concentration. We do so, as this information will provide insight into which parameters
may be altered by the introduction of stabilizing and destabilizing drugs. At low doses, destabiliz-
ing MTAs [26] promote catastrophe and reduce polymer mass, whereas at high doses, destabilizing
MTAs [26] suppress MT dynamics, and MTs completely depolymerize. At almost all doses, stabi-
lizing MTAs promote MT polymerization and stabilization, i.e., MT catastrophe is suppressed, and
polymer tubulin concentration is increased.

Dependence to the hydrolysis rate 4. Figure [8 corresponds to simulation results for
changes in the hydrolysis rate from the base case value (see Table [1| ). Here, we increase and
decrease the critical fragmentation value, py, from it’s base case value of 4.5 . This is equivalent to
increasing/decreasing the hydrolysis rate v".

From Figure (left) , we see a decrease in the mean polymer density us.; for increasing hydrolysis
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Figure 6: Examination of polymer length distribution for varying zo and k;. In (c) and (f) the blue curves correspond
to xop = 0.4um. For each k;, the long-time length distribution is different, depending on the value of zg.

rate. Further, we see that decreases in the hydrolysis rate (from the base case) work to suppress
MT dynamics by reducing the number of catastrophe events. These results are consistent with the
action of MT destabilizing (vinblastine or vincristine [26]) and stabilizing (taxol [26]) MT targeting
agents (MTAs), respectively. Thus, we suggest that MT destabilizing MTAs may regulate MT
dynamics by increasing the hydrolysis rate, and that MT stabilizing MTAs may work to increase
MT polymerization through reduction of the hydrolysis rate.

Figure (right) shows the corresponding changes in the GTP-tubulin concentration. Here, it
is noted that as the hydrolysis rate v" is increased, the level of free GTP-tubulin in the system is
increased. This result makes sense, due to the fact that as a MT depolymerizes (at high values of
the hydrolysis rate), free tubulin is released back into the system.

Dependence to the recycling rate . Next, we show results for variations in the GDP/GTP
recycling rate k. Figure |§|(left) illustrates the results of these variations. Here, we see that an
increase in k, from the base case value of 2, corresponds to an increase in the MT polymer density
Utot, wWhich is also true of the action of a MT stabilizing drug. From a biological point of view,
this result makes sense. In particular, if we increase x, we increase the rate at which free GTP-
tubulin is produced, which in turn promotes MT growth, similar to the action of a stabilizing
MTA. Alternatively, if we decrease x from the base case value, we inhibit MT dynamics and MTs
depolymerize at low values of k. This result is consistent with the action of a MT destabilizing
drug.

Figure @(right) illustrates the changes in the GTP-tubulin concentration as x is varied. Here,
it is noted that as k is increased, the level of free GTP-tubulin in the system does not change
significantly. Thus, the GTP-tubulin is being incorporated back into the growing MTs at a faster
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Figure 7: Examination of polymer length distribution for varying 8. and k;. For each k;, the long-time length
distribution is the same, regardless of the choice of Soo.

rate. Again, this promotion of polymerization is a characteristic of a MT stabilizing drug.

4.5 Asymptotic behaviour

In this paragraph, we consider a fragmentation kernel of type ky (equation ) with 0 = 1 and all
the parameters given in Table [I] except for p;, = 6 and the initial condition. All the plots displayed
on Figure are obtained for pyg = 11, g9 = 0, and four different initial size distributions IC1:
uo(z) = us 10(x), IC2: up(x) = us10(x) + wi10,10(x), IC3: ug(x) = wip(z), IC4: up(z) = us1(x),

where )
Ua, o (2) = exp <_(x_mc>> ,

g

and all the initial profiles being rescaled to satisfy fR+ zug(x)dz = 1. The numerical results suggest
that the system relaxes toward an equilibrium state, i.e. that p and ¢ converges toward some
limiting values p* and ¢*, and that the size distribution wu(z,t) converges toward an asymptotic
profile u*(z). The limiting value for p is p* = p;, and the value for ¢* (see Figure upper left)
and then the asymptotic profile u* both depend on the initial distribution wuy (see Figure upper
right and Figure . The initial value pg is small enough so that there is no nucleation at time
t = 0, and the numerical simulations show that the value of p(t) always stay below the threshold
that triggers nucleation. As a consequence, the total number of polymers fR+ u(z, t)dz is preserved
over time. The initial number of polymers is closed for IC1 and IC4 (respectively 0.197 and 0.2),
and stay close for all time. Since at the beginning of the dynamic, fragmentation is turned off (i.e.
p(t) > pp, see Figure upper left) the evolution of the system (u, p,q) only depends on p(t), ¢(t)
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Figure 9: Left: Changes in polymerized tubulin due to variations in the the recycling rate x. Right: Variation of
the free GDP-tubulin p(¢) with respect to k.

and [o; u(z,t)dz (see system (I))(2)(B)) which explains why the time evolution of the macroscopic
quantities for IC1 and IC4 are almost superimposed (Figure upper left).

5 Conclusions and perspectives

In this paper, we have developed a novel integro-PDE modeling approach to describe MT dynamic
instability. Using parameter values taken from the literature, we are able to simulate M'T dynamics
that are consistent with experiment. Further, through parameter variation, we are able to describe
possible mechanisms for how destabilizing and stabilizing MTAs work to alter MT dynamics.

It would be interesting in future investigations to determine alternate mechanisms for how MTAs
alter MT dynamics. Also, it would be interesting for biological applications to extend our model in
such a way as to produce stable limit cycles (or oscillations that persist for longer periods of time).
Then, because we consider a MT shortening event to occur at the time when the hydrolysis rate
and the growth rate are equal, we are simplifying what is happening in real systems. In particular,
in real systems MTs grow through the addition of GTP-tubulin. Once GTP-tubulin is incorporated
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Figure 10: Upper left: Time evolution of the macroscopic quantities p(t),q(t) and the mass [, zu(x,t)dz for
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initial size distributions ug. On the four other plots are drawn the time evolution of the size distribution w until it
reaches equilibrium.

into the MT, it is hydrolyzed to lower energy GDP-tubulin, creating a distinct GTP region at the
front of a MT which we call the “cap”. When the hydrolysis rate is larger than the growth rate,
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the MT cap (which we do not account for in this model) shortens. Once it disappears, then a
shortening event occurs. In this modelling framework, we could account for this by incorporating a
time delay at the moment in time when the hydrolysis rate becomes greater than the MT growth
rate. The understanding of relaxation toward equilibrium of such systems is also a topic of interest
and a future mathematical study will be carried out in that direction.
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