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P. Léard1,† , D. Lecoanet2 , and M. Le Bars1
1

arXiv:2011.03389v1 [physics.flu-dyn] 6 Nov 2020

2
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The Quasi-Biennial Oscillation (QBO) of stratospheric winds is the most striking example of
mean-flow generation and reversal by the non-linear interactions of internal waves. Previous studies
have used an idealized monochromatic forcing to investigate the QBO. Here we instead force a
more realistic continuous wave spectrum. Unexpectedly, spreading the wave energy across a wide
frequency range leads to more regular oscillations. We also find that different forcing spectra can
yield the same QBO. Multi-modal wave forcing is thus essential for understanding wave—mean-flow
interactions in nature.

Internal gravity waves (IGWs) are ubiquitous in geophysical and astrophysical flows, e.g. in Earth’s oceans
[1], atmosphere [2, 3] and core [4], as well as in stellar interiors [5–7]. IGWs extract momentum from where they
are excited and transport it to where they are damped
[8]. In the Earth’s stratosphere, these waves drive oscillations of zonal winds at equatorial latitudes, with a
period of nearly 28 months. This phenomenon, known as
Quasi-Biennial Oscillation (QBO), affects, e.g., hurricane
activity in the Atlantic ocean [9], and the winter climate
in Europe [10]. Similar reversals are observed on other
planets [11, 12]. The QBO is a striking example of order
spontaneously emerging from a chaotic system [13], similar to magnetic field reversals in dynamo experiments
[14] or mean-flow reversals in Rayleigh-Bénard convection [15].
Atmospheric waves are excited by turbulent motions
in the troposphere and propagate in the stratosphere,
leading to zonal wind reversals. Lindzen and Holton
[16, 17] proposed the QBO is due to wave–mean-flow interactions, which Plumb [18] used to construct an idealized model. The model considers the interaction of
two counter-propagating gravity waves with the same frequency, wavelength, and amplitude, with a mean-flow.
This model was realised experimentally using an oscillating membrane at the boundary of a linearly-stratified
layer [19–22]. The experiments can drive oscillating
mean-flows similar to the QBO, as predicted by the
Lindzen and Holton theory. More recently, [23] simulated the Plumb model numerically to explain the 2016
disruption of the QBO [24, 25]. Although they find regular oscillations in the mean-flow at low forcing amplitudes, the mean-flow becomes quasi-periodic, and eventually chaotic as the forcing amplitude increases. Atmospheric forcing amplitudes are in the chaotic mean-flow
regime, suggesting that the Plumb model must be refined
to explain the QBO.
Because of its influence on weather events, it is crucial that the period and amplitude of the QBO are accurately modelled in Global Circulation Models (GCMs).
Due to their relatively coarse resolution, GCMs cannot

compute small time- and length-scale motions like IGWs.
Therefore, IGWs are parameterised in order to generate
a realistic QBO. Some GCMs are able to self-consistently
generate the QBO [26, 27], which is considered a key test
of a model’s wave parameterization. The dependence of
the QBO on vertical resolution and wave spectrum properties is not yet understood [28–30].
Direct Numerical Simulations (DNS) have found meanflow oscillations generated by a broad spectrum of IGWs
self-consistently excited by turbulence [13]. Because 2D
simulations are expensive to run for long integration
times, the influence of the forcing on the oscillations
could not be studied extensively. Only a Plumb-like onedimensional model can realistically allow for a systematic
exploration.
Despite the existence of a broad spectrum of waves in
nature, only [31] has studied multi-wave forcing. Investigating three different forcing spectra, he found the QBO
period is affected by the choice of the spectrum. In this
letter, we consider a wide class of wave spectra in the
Plumb model, hence complementing the study of [13].
We find that forcing a broad frequency range produces
regular mean-flow oscillations, even when the forcing amplitude is so large that monochromatic forcing produces a
chaotic mean-flow. This suggests multi-modal forcing is
an essential to understand wave–mean-flow interactions.

MODEL

Mean-flow evolution is determined by the spatiallyaveraged Navier-Stokes equations [32]. We define the
horizontal mean-flow u; overbar indicates horizontal (x)
average. Gravity points in the −z direction, and the velocity fluctuations are (u0 , w0 ). The horizontal average
evolves according to the 1D equation:
∂t u − ν∂zz u = −∂z u0 w0

(1)

where ν is the kinematic viscosity. The mean-flow is
forced by the Reynolds stress term on the right-hand side
of (1). In the Plumb model, the Reynolds stress comes

2
from the self-interaction of IGWs. We excite the waves
at the bottom boundary z = 0, and propagate the waves
through a linearly-stratified domain characterized by a
fixed buoyancy frequency N . We non-dimensionalize the
problem by setting the top boundary at z = 1 and setting N = 1. Wave damping leads to vertical variation in
the Reynolds stress, driving the mean-flow.
We consider a superposition of waves ψi =
Ai (z)ei(kx x−ωi t) , where ψi is the streamfunction, kx the
horizontal wavenumber, and ωi the angular frequency.
Assuming a time-scale and length-scale separation between the fast, short scale IGWs, and the slowly evolving,
long scale mean-flow, we use the WKB approximation
to derive an expression for Ai (z). We also make use of
the following approximations. We take the “weak” dissipation approximation, assume the background stratification is constant in space and time, and neglect wave-wave
nonlinearities, except when they affect the mean-flow;
see details in [33] and [34]. Unlike the classical model
which uses the hydrostatic approximation [18, 33], we
solve the full vertical momentum equation for the wave,
which allows for high-frequency IGWs. We neglect Newtonian cooling but consider diffusion of the stratifying
agent (with diffusivity D), which is relevant for both laboratory experiments and the DNS described below. The
inverse damping lengthscale is given by

Etot ∈ [7 × 10−7 ; 10−5 ]. For comparison with previous monochromatic studies [18, 23], the wave forcing
Reynolds number of each individual wave goes up to
∼ 100, which is comparable to the range explored in [23].
Additional simulations were also performed with spectra
representative of turbulence. Some of the results are discussed at the end of this letter. We initialize u with a
small amplitude sinusoid. Boundary conditions for the
mean-flow are no-slip (u = 0) at the bottom and free-slip
(∂z u = 0) at the top. The waves freely propagate out of
the domain’s top boundary without reflection. Section
A.2 of [34] describes our spatial and temporal discretization, and demonstrates numerical convergence.
We investigated the influence of top boundary conditions (BCs) on the mean-flow evolution using twodimensional DNS of the Navier-Stokes equations [35, 36].
We found the top BCs only marginally influence the period and amplitude of the oscillations, and do not affect
their dynamical regime [34]. We thus focus on results
from our 1D model, which allows for the systematic exploration of a larger parameter space. The vertical extent
of the simulation domain does not qualitatively change
our results, even though some high-frequency waves have
attenuation lengths greater than the domain height [34].

RESULTS

li−1 =

ν+D
1
×
1/2
2kx
(1 − kx2 c2i ) c4i

(2)

xu
where ci = ωi ∓k
; ∓ accounts for the wave direction
kx
of propagation. The right-hand side
Pof (1) is written as a
sum of independent forcing terms i F̃i (z), where F̃i (z)
is related to the amplitude Ai (z) for each wave.
The classic Plumb model considers a single value of ω,
kx , and forcing amplitude A(z = 0). To account for the
multi-modal excitation of waves in natural systems, we
consider excitation by multiple frequencies with different
forcing amplitudes.
R The kinetic energy of the waves is
given by Etot = (dE/dω)dω, and we force the waves
so the energy density dE/dω is a Gaussian in frequency
centered at ω = ω0 with a standard deviation σ. We
discretize this spectrum with Nω standing waves of frequency {ωi } with frequency-spacing
ωi+1 −ωi = ∆ω. The
q

ω2

forcing amplitude is Ai = 2(dE/dω)∆ω k2i . Our results
x
depend only on dE/dω, not on the amplitudes of the individual modes (which vary with Nω ). We only consider
a single value of kx = 4π. This general forcing spectrum
allows us to study the transition from monochromatic
forcing (σ → 0) to multi-modal forcing (white noise in
the limit σ → ∞) so we can compare our results with
past monochromatic studies. We consider the dimensionless dissipation ν = 2.8 × 10−6 and D = ν/700, estimated from laboratory experiments [22]; we explored
the ranges ω0 ∈ [0.1; 0.55], σ ∈ [10−4 ; 3 × 10−1 ] and

We investigate the influence of the forcing bandwidth
on the mean-flow evolution, varying the standard deviation σ of our Gaussian excitation spectrum, but fixing the
central frequency and total energy. Figure 1 shows that
for narrow distributions 10−4 6 σ < 10−2 , the system
produces frequency-locked oscillations, with slow oscillations in the upper part of the domain and fast oscillations
in the bottom part (Figure 1e). The frequency power
spectrum for σ = 3 × 10−4 (Figure 1h) shows peaks at
these two frequencies (f0 and f0 /2), as well as at harmonic/beating frequencies.
At σ ≈ 10−2 , the oscillations transition from a
frequency-locked regime to a quasi-periodic regime (Figure 1d, g). A second bifurcation to periodic oscillations
occurs at σ = 5 × 10−2 , with only one dominant frequency (plus harmonics) appearing in the corresponding
spectrum (Figure 1f). Forcing spectra with wide bandwidths lead to more organised, QBO-like states.
A wide bandwidth forcing spectrum includes more frequencies; naively, this would lead to chaotic mean-flows.
However, a wider spectrum also excites higher frequency
waves. High-frequency waves experience less damping
than low-frequency waves, so they can propagate higher.
Because the QBO reversal occurs at the top, we hypothesize the period and regularity of the oscillation is determined by the highest frequency wave above a threshold amplitude. At fixed wave forcing amplitude, higher
frequency waves correspond to more regular oscillations
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FIG. 1. Mean-flows generated by a Gaussian forcing spectrum with standard deviation σ, central frequency ω0 = 0.2 and
total kinetic energy Etot = 2 × 10−6 . (a) Example forcing spectra: σ = 1 × 10−1 in brown, σ = 2.8 × 10−2 in purple and
σ = 3 × 10−4 in green. (b) Poincaré map: each dot is the value of the flow u (z, t) at z = 0.5 (denoted u3 ) when u (z = 0.1) = 0.
Periodic oscillations are represented by two points, symmetric about u3 = 0 (see [34]). The asymmetry for the points below
σ ∼ 10−2 is due to the initial condition. (c-e) Hovmöller diagrams of the mean-flow u for different σ. (f-h) Amplitudes of
the temporal Fourier transform taken at z = 0.25 for each Hovmöller diagram. Frequencies are normalised by the frequency
of maximum amplitude f0 , indicated by the dark blue line. The dark red line shows f = f0 /2, and the other vertical lines
represent harmonics.

with longer periods (Figure 2a). Furthermore, the amplitude of the mean-flow is larger when forced by higher frequency waves, because the phase velocity is larger. This
means the amplitude of the mean-flow is larger for the
periodic oscillations forced by a wide spectrum (Figure
1b).
Figure 2 shows Poincaré maps for simulations forced
with different central frequencies ω0 , at fixed total energy
Etot . We used either a narrow distribution (σ = 10−4 )
or a broad distribution (σ = 10−1 ). The top panel
(σ = 10−4 , similar to monochromatic forcing) shows a
transition from periodic oscillations to non-periodic oscillations at ω0 = 0.184. There is a second bifurcation at
ω0 = 0.22 leading to periodic oscillations. The amplitude
of the oscillations rises with ω0 because the phase velocity increases. The Poincaré map for variable ω0 (Figure
2) is qualitatively similar to the Poincaré map for variable σ (Figure 1b), suggesting that the primary effect of
increasing σ is to put more power into high-frequency
waves. Note, the frequency of the second bifurcation to
periodic oscillations changes with domain height because

the forced wave has a viscous attenuation length greater
than our domain height. However, the periodic oscillations for large σ are not due to the finite domain size [34].
The bottom panel of Figure 2 (σ = 10−1 , wide spectrum)
shows periodic oscillations for all ω0 . Once again, we find
that a wide forcing spectrum with many frequencies will
almost always generate regular, periodic oscillations.

In Figure 3, we plot Poincaré maps for different forcing amplitudes, with fixed ω0 and σ. The top panel
(σ = 10−4 , almost monochromatic forcing) qualitatively
reproduces the results from [23]. As the amplitude of
the monochromatic forcing increases, periodic oscillations bifurcate into frequency-locked oscillations (Etot ≈
1.4 × 10−6 ), and then again into quasi-periodic or chaotic
oscillations (Etot ≈ 2.4×10−6 ). On the other hand, when
forcing with a wide spectrum (σ = 10−1 , bottom panel),
we only find regular periodic oscillations.
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FIG. 2. Poincaré maps using the same method as Figure 1b
for simulations with different ω0 , with Etot = 2 × 10−6 and
σ = 10−4 (top) or σ = 10−1 (bottom). The inset zooms in
on the frequency range ω0 ∈ [0.18; 0.22] to show the transitions between periodic, frequency-locked, and quasi-periodic
regimes.

DISCUSSION

Our study demonstrates that a broad spectrum
of IGWs can generate regular mean-flow oscillations.
Whereas large-amplitude monochromatic forcing often
generates chaotic mean-flows [23], forcing a broad spectrum of waves consistently generates periodic mean-flows,
similar to what is observed in the Earth’s atmosphere.
The mean-flow evolution appears to be determined by
high-frequency waves which can propagate higher, and
control the mean-flow’s reversal. We hypothesize the disruption observed in 2016 [24, 25] is due to intense events
which focused significant energy into waves with similar frequency and wavenumber. Those waves could then
trigger non-periodic reversals for a short time [23].
We have run several simulations with forcing spectra
more representative of turbulence. In these simulations,
we assume dE/dω is constant for ω < ωc , and decreases
as a power-law for ω > ωc . We tested an ω −5/3 power-law
corresponding to Kolmogorov’s law and an ω −3 powerlaw corresponding to the energy cascade observed in rotating turbulence.
We find that different forcing spectra can lead to the
same mean-flow evolution. The top panel of Figure 4
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FIG. 3. Poincaré maps using the same method as Figure
1b for simulations with different Etot , with ω0 = 0.2 and
σ = 10−4 (top) or σ = 10−1 (bottom).

shows a Hovmöller diagram for the ω −5/3 spectrum with
Etot = 2.5 × 10−6 . It is quantitatively similar to the
Hovmöller diagram of Figure 1c, obtained with a Gaussian forcing and 20% less energy (oscillation periods differ by 4.5% and amplitudes by 15%). The ω −3 spectrum
with Etot = 2.8×10−6 also generates a similar mean-flow
(bottom panel of Figure 4; oscillation periods are equal
and amplitudes differ by 14%). Since multiple wave spectra can produce the same mean-flow oscillations, reproducing the Earth’s QBO in a GCM does not mean the
IGW parameterization is correct.
Our simulations use parameters similar to laboratory
experiments of the QBO [19, 22]. In the atmosphere,
wave attenuation also occurs via Newtonian cooling,
which we did not include in our simulations. Besides, the
forcing is stronger and viscosity is weaker. Waves deposit
their energy either via critical layers (which we include
in our model), or via breaking due to wave amplification
from density variations. Our calculations show the meanflow period and amplitude is set by high-frequency waves
with large viscous attenuation lengths. Although many
more atmospheric waves have small viscous attenuation
lengths, high-frequency waves are still more important
than low-frequency waves because they do not encounter
critical layers. Thus, we believe high-frequency waves
likely play a key role in setting the QBO properties, just

5

FIG. 4. Hovmöller diagram of the mean-flow u in simulations
with different forms of the forcing spectrum. In the top panel,
dE/dω is constant up to ωc = 0.2, and decreases as ω −5/3 for
higher frequencies; the total energy is Etot = 2.5 × 10−6 . In
the bottom panel, dE/dω is constant up to ωc = 0.23, and
decreases as ω −3 for higher frequencies; the total energy is
Etot = 2.8 × 10−6 .

as they are important in our simulations.
In conclusion, this letter shows that the frequency
spectrum of internal gravity waves plays a key role in
the generation and properties of periodic large-scale flow
reversals like the QBO. Although we studied general frequency spectra, we limited our investigation to a single
wavenumber. Future work should also include the wide
range of horizontal wavenumbers (10−1000 km) observed
in the atmosphere, including low-frequency, planetaryscale waves which may also be an important source of
momentum for the QBO [37]. Additionally, the study of
the QBO in a fully coupled, convective–stably-stratified
model system by [13] showed that accounting for only the
energy spectrum in a Plumb-like model is not sufficient
to reproduce the realistic reversals; it also requires information about higher order statistics. Clearly, reliable
parameterization of this climatic metronome in GCMs
still demands additional work.
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[22] B. Semin, N. Garroum, F. Pétrélis, and S. Fauve, “Nonlinear saturation of the large scale flow in a laboratory
model of the quasi-biennial oscillation,” Physical Review
Letters, vol. 121, Sept. 2018.
[23] A. Renaud, L.-P. Nadeau, and A. Venaille, “Periodicity
disruption of a model quasi-biennial oscillation of equatorial winds,” Physical Review Letters, vol. 122, no. 21,
p. 214504, 2019.
[24] S. M. Osprey, N. Butchart, J. R. Knight, A. A. Scaife,
K. Hamilton, J. A. Anstey, V. Schenzinger, and C. Zhang,
“An unexpected disruption of the atmospheric quasibiennial oscillation,” Science, vol. 353, pp. 1424–1427,
Sept. 2016.
[25] P. A. Newman, L. Coy, S. Pawson, and L. R. Lait, “The
anomalous change in the QBO in 2015–2016,” Geophysical
Research Letters, vol. 43, pp. 8791–8797, Aug. 2016.
[26] F. Lott, L. Guez, and P. Maury, “A stochastic parameterization of non-orographic gravity waves: Formalism
and impact on the equatorial stratosphere,” Geophysical
Research Letters, vol. 39, no. 6, 2012.
[27] F. Lott and L. Guez, “A stochastic parameterization of
the gravity waves due to convection and its impact on the
equatorial stratosphere: stochastic GWS due to convection and QBO,” Journal of Geophysical Research: Atmospheres, vol. 118, pp. 8897–8909, Aug. 2013.
[28] X.-H. Xue, H.-L. Liu, and X.-K. Dou, “Parameterization of the inertial gravity waves and generation of the
quasi-biennial oscillation: IGW in WACCM and generation of QBO,” Journal of Geophysical Research: Atmospheres, vol. 117, pp. n/a–n/a, Mar. 2012.
[29] J. Anstey and J. Scinocca, “Simulating the QBO in an
atmospheric general circulation model: Sensitivity to resolved and parameterized forcing,” Journal of the Atmospheric Sciences, vol. 73, no. 4, 2016.
[30] C. Yu, X.-H. Xue, J. Wu, T. Chen, and H. Li, “Sensitivity of the quasi-biennial oscillation simulated in waccm to
the phase speed spectrum and the settings in an inertial
gravity wave parameterization,” Journal of Advances in
Modeling Earth Systems, vol. 9, no. 1, 2017.
[31] S. Saravanan, “A multiwave model of the quasi-biennial
oscillation,” Journal of Atmospheric Sciences, vol. 47,
no. 21, 1990.
[32] F. P. Bretherton, “On the mean motion induced by internal gravity waves,” Journal of Fluid Mechanics, vol. 36,
no. 4, pp. 785–803, 1969.
[33] A. Renaud and A. Venaille, “On the holton-lindzenplumb model for mean flow reversals in stratified fluids,” Quarterly Journal of the Royal Meteorological So-

ciety, vol. in press, 2020.
[34] See Supplementary materials for details on the numerical model and on 2D DNS using Dedalus, which includes
references [19, 22, 35, 36, 38–40].
[35] K. Burns, G. Vasil, J. Oishi, D. Lecoanet, and B. Brown,
“Dedalus: Flexible framework for spectrally solving differential equations,” Astrophysics Source Code Library, 2016.
[36] K. J. Burns, G. M. Vasil, J. S. Oishi, D. Lecoanet, and
B. P. Brown, “Dedalus: A Flexible Framework for Numerical Simulations with Spectral Methods,” arXiv e-prints,
p. arXiv:1905.10388, May 2019.
[37] T. J. Dunkerton, “The role of gravity waves in the quasibiennial oscillation,” Journal of Geophysical Research: Atmospheres, vol. 102, pp. 26053–26076, Nov. 1997.
[38] R. A. Plumb, “Momentum transport by the thermal tide
in the stratosphere of Venus,” Quarterly Journal of the
Royal Meteorological Society, vol. 101, pp. 763–776, Oct.
1975.
[39] D. Lecoanet, M. Le Bars, K. J. Burns, G. M. Vasil, B. P.
Brown, E. Quataert, and J. S. Oishi, “Numerical simulations of internal wave generation by convection in water,”
Physical Review E, vol. 91, June 2015.
[40] U. M. Ascher, S. J. Ruuth, and R. J. Spiteri, “Implicitexplicit Runge-Kutta methods for time-dependent partial
differential equations,” Applied Numerical Mathematics,
vol. 25, pp. 151–167, 1997.

1

Supplemental Material for Multi-modal excitation to model the Quasi-Biennial
Oscillation
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Model Details
Equations

The generation of a mean-flow by internal gravity waves (IGWs) can be numerically investigated with the twodimensional Navier-Stokes equations, horizontally averaged along the x direction. The horizontally-averaged momentum equation gives the mean-flow equation along the z axis,
∂t u − ν∇2 u = −∂z u0 w0

(S1)

where u is the horizontally averaged horizontal velocity, and (u0 , w0 ) are the horizontal and vertical velocity fluctuations. The right-hand side of equation (S1) is the forcing term and is computed from the linearized wave equation.
We use the quasi-linear approximation, which neglects non-linear effects except those representing wave–mean-flow
interactions [S1]. After non-dimensionalization by the vertical extent of the domain H and the buoyancy frequency
N , which is assumed to be constant in time, one can write the wave equation for the streamfunction ψ as



∂t + u∂x − D∇2
∂t + u∂x − ν∇2 ∇2 − uzz ∂x ψ = ∂x2 ψ
(S2)
∗

where D = HD2 N is the dimensionless diffusivity (thermal or molecular, depending on the physical origin of the
∗
stratification) and ν = Hν2 N is the dimensionless kinematic viscosity. Using the Wentzel-Kramers-Brillouin (WKB)
approximation, the streamfunction ψ is
ψ± (z) = A0 e

R
z

iϕ± (z 0 )+χ± (z 0 )dz 0 i(kx x∓ω± t)

e

+ cc

(S3)

where kx is the horizontal wavenumber, ω± = ω ∓ kx u is the Doppler-shifted frequency, and ϕ and χ are two functions
of z. We assume we are in the weak-dissipation limit (we neglect the Dν∇6 term) and that there is a time- and
length-scales separation between the waves and the mean-flow (∂t u ∼ 0 and uzz ∼ 0). ϕ, χ, and the Doppler-shifted
frequency ω± are all slowly varying functions of z, due to the z dependence of u.
Using the ansatz (S3) and the wave equation (S2), together with the approximations described above, we can derive
equations for ϕ and χ,
ϕ2± = kx2

2
1 − ω±
,
2
ω±

χ± = −

1 d
(ν + D) kx3
lnϕ± −
.

2 1/2 ω 4
2 dz
2 1 − ω±
±

(S4)

ϕ is the vertical wavenumber and satisfies the inviscid dispersion relation for IGWs. χ includes the vertical attenuation
of the wave due to the dissipative processes.
Finally, the self-interaction forcing term for each wave is
− ∂z

±
u0 w0

−
2A2 ϕ0 (z = 0) (ν + D) kx4
=± 0
×
e

2 1/2 ω 4
1 − ω±
±

R

dz 0

3
(ν+D)kx
1/2 4
ω
±

2
)
(1−ω±

(S5)

To develop the model, several hypotheses are made (weak dissipation, uzz is small, time scale separation between
the waves and the mean-flow), which may be violated in the course of our simulations. The weak dissipation limit
tends to overestimate dissipation when Doppler-shifted frequencies ω± → 0 [S2]. The forcing term becomes large
when ω± → 0, and can greatly accelerate the flow. Therefore, locally, u(z) can vary strongly with z. Nevertheless,
these approximations are useful for obtaining an analytical expression for the forcing term, and appear to be sufficient
to model mean-flow reversals [S3].
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FIG. S1. Mean-flow properties for ω0 = 0.2, σ = 1 × 10−4 , and Etot = 2 × 10−6 . Convergence study for δt (top), δz (middle),
and Nω (bottom).

Numerical model

The mean-flow u is solved with a semi implicit/explicit time scheme using finite differences. Time scheme is an
order 1 Euler scheme and the laplacian term is solved via an order 2 centred finite differences scheme. At each time
step, the forcing term ∂z u0 w0 is computed from equation (S5) at a time t. Then, the mean-flow u(z, t+δt ) is calculated
by adding the effect of the divergence of the Reynolds stress and viscosity. We use a no-slip boundary condition at
the bottom, u|z=0 = 0, and a free-slip boundary condition at the top ∂u
∂z z=1 = 0 (see section for a discussion of the
top boundary condition).
Singularities appear in equation (S5) when ω± → 0 or ω± → 1. The former case physically corresponds to a critical
layer. Numerically, critical layers are treated as follows: if the mean-flow reaches a value higher than 0.95 ω/kx at a
given height zc , the momentum contained in the waves is deposited at the grid point below zc and the forcing terms
for z > zc are set to 0. The latter case corresponds to a wave whose Doppler shifted frequency is close to the buoyancy
frequency. This is treated as in the critical layer case, with the condition now being |ω± | > 0.95.
Viscosity and diffusivity are set to experimental values for salty water, as in experiments [S4]. Using typical
laboratory parameters H = 0.41 m and N = 2.16 s−1 , the dimensionless dissipation constants are ν = 2.8 × 10−6 and
D = ν/700. Thus, viscosity is the main dissipative mechanism for both the large-scale flow and the waves. Note that
D only appears in the wave attenuation while ν appears in both the wave attenuation and the mean-flow dissipation.
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There are three main numerical parameters in our simulations: the time step δt , the grid spacing δz and the number
of frequencies in the spectrum Nω . We ran convergence studies to choose the values of these parameters. We ran
simulations with Etot = 10−5 or Etot = 2 × 10−6 and for the two “extreme” standard deviations σ = 10−4 and
σ = 3 × 10−1 . Simulations are run for ∼ 15 reversal times.
Figure S1 shows the mean-flow properties as a function of the three numerical parameters δt , δz and Nω for the
case ω0 = 0.2, σ = 10−4 and Etot = 2 × 10−6 . Top panel of figure S1 shows convergence as δt → 0. Comparing
results for δt = 1 and δt = 0.05 shows that frequencies differ by < 1.7% and the flow amplitudes differ by < 1.5%.
Moreover, dynamical regimes do not depend on δt for the results presented in the paper. Other convergence studies
were conducted for δz (see middle panel of figure S1) and Nω (bottom panel of figure S1) to determine their best
values for the systematic study in σ (displayed in figure 1 of the main text). Convergence studies with σ = 3 × 10−1
are not shown here. Additional studies were also performed at Etot = 10−5 to find the optimal time, space and
frequency steps for the energy systematic study (displayed in figure 3 of the main text).
We use δz = 1/2000 for all simulations. A total number of frequencies Nω = 20 was found to be satisfactory for all
cases. These frequencies were separated by ∆ω = (ωmax − ωmin )/Nω . Frequencies with dE/dω < 10−4 × max(dE/dω)
were not considered in the forcing spectrum. Thus, ωmin (resp. ωmax ) is the lowest (resp. highest) frequency
considered, with at least 0.01% energy of the most energetic wave. δt was adjusted for each study: we chose δt = 1
for the σ and ω0 systematic studies, while δt was set to either 0.1, 0.5 or 1 depending on the value of Etot for the
energy systematic study.
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FIG. S2. Phase space trajectories on a plane defined by u1 = u(z = 0.1, t) and u3 = u(z = 0.5, t), for three values of σ shown in
figure 1 of the main text. We fix the central frequency ω0 = 0.2 and total energy Etot = 2 × 10−6 . (Top left) Frequency-locked
regime for σ = 3 × 10−4 . (Top right) Quasiperiodic regime for σ = 2.8 × 10−2 . (Bottom) Periodic regime for σ = 10−1 .

A Poincaré map is a representation of the dynamical behaviour of the system. For each simulation, we first wait
for the dynamical system to reach its attractor. We then run for an additional 15 reversal times, and use these data
for the Poincaré map. Each dot of the map represents the value of the mean-flow at z = 0.5, denoted u3 , when the
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mean-flow at z = 0.1, denoted u1 , is equal to 0. Thus, the set containing the data used to plot the Poincaré map is
D = {u(z = 0.5, t) | u(z = 0.1, t) = 0}

(S6)

Figure S2 shows plots of (u1 , u3 ). The points in the Poincaré map are shown with red dots. Periodic oscillations are
characterised by two dots, symmetric about u3 = 0. Frequency-locked oscillations also exhibit a periodic structure
with several frequencies appearing in the reversing signal: they are characterised by a finite number of dots. Finally,
for quasi-periodic oscillations, the dots do not superimpose (for a great number of reversals, they would form a
continuous line). The red dots appearing in graphs of figure S2 are the dots appearing in the Poincaré map seen in
figure 1b of the main text at the corresponding values of σ.

Top boundary conditions

The high-frequency forced waves have viscous attenuation lengths larger than the domain size. These waves are
affected by the vertical size of the domain and the top boundary condition. In our idealised Plumb-like 1D model, we
use a stress-free boundary condition for the mean-flow (∂z u = 0), and a radiation boundary condition where waves
flow out of the domain. Here we explore other top boundary conditions.
We compute two-dimensional Direct Numerical Simulations (DNS) using the open spectral solver Dedalus [S5, S6].
We solve the following equations:
∂t u − ν∇2 u + ∂x P = −(u · ∇)u
2

∂t w − ν∇ w + ∂z P − b = −(u · ∇)w
2

∂t b − D∇ b + w = −(u · ∇)b
∇·u=0

(S7a)
(S7b)
(S7c)
(S7d)

where b is the buoyancy, P the pressure, and ∇ = (∂x , ∂z ). The geometry is two dimensional and periodic along the
horizontal axis. We use nz = 256 Chebyshev polynomial functions in the z direction and nx = 32 complex exponential
functions in the x direction. We use ν = 2.8 × 10−6 and D = ν/7, representative of thermally stratified water. To
compute nonlinear terms without aliasing errors, we use 3/2 padding in both x and z. For timestepping, we use
a second order, two stage implicit-explicit Runge-Kutta type integrator [S7], with time steps O(10−2 ). Waves with
random phases are forced at the bottom domain by setting velocity and buoyancy perturbations at the boundary. We
use a forcing spectrum given by Etot = 2 × 10−6 , ω0 = 0.2, Nω = 20 with either σ = 10−1 or σ = 2.8 × 10−2 .
We tested four different top boundary conditions:
• (i) No-slip: u|z=1 = 0 and w|z=1 = 0.
• (ii) Free-slip:

∂u
∂z z=1

= 0 and w|z=1 = 0.

• (iii) Buoyancy damping layer for 1 < z < 1.5 to damp the waves but not the large-scale flow. We implement
this by adding a damping term in the right-hand side of equation (S7c), −bf (z)/τ where f (z) = tanh((z −
1.15)/0.05)+1)/2 is a z-dependent mask, and the damping timescale τ = N −1 = 1 in our non-dimensionalization.
• (iv) Layer with N = 0 between 1 < z < 1.5. Specifically, we use N (z) = (1 + tanh((z − 1)/0.05))/2.
In (iii) and (iv), boundary conditions at the new domain top boundary z = 1.5 were no-slip.
In figures S3 and S4 we plot Hovmöller diagrams for simulations with two different values of σ. In both cases, we
find that the top boundary condition does not strongly affect the mean-flow evolution. We find the same dynamical
regimes as in the 1D model. Therefore, using a 1D model with an easy to implement top boundary condition, such
as free-slip, does not alter the results. The free-slip condition for u that we use in our 1D simulations should be
physically similar to having a layer with N = 0. A layer with N = 0 is model for the mesosphere, which is weakly
stratified (N 2 ∼ 0) compared to the stratosphere (N 2 6= 0). While wave reflection occurs at the interface, we find
that in our 1D simulations, at most ∼ 10% of the total wave energy reaches the top domain and is lost. This study
of top boundary conditions suggests this does not qualitatively affect the results.
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FIG. S3. Hovmöller diagrams of the horizontal mean-flow driven by a multi-wave forcing for different top boundary conditions
in our 2D numerical model. The forcing spectrum is gaussian centred at ω0 = 0.2 with standard deviation σ = 10−1 and total
energy Etot = 2 × 10−6 . This corresponds to the wide forcing spectrum case shown in figure 1 of main text. In the top panels,
the computational domain goes to z = 1.
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FIG. S4. Same as Figure 3, but with a Gaussian forcing spectrum with standard deviation σ = 2.8 × 10−2 .

7
Domain height

In the main text we show that as the forcing spectrum becomes broader, at fixed energy, the mean-flow transitions
from quasiperiodic to periodic. This could be due to the excitation of high-frequency waves whose attenuation length
is much larger than the domain height. Using the forcing spectrum parameters of Figure 1 of the main text, we do
find that the transition occurs at larger and larger σ as the domain size increases. For those parameters, the periodic
mean-flow oscillations appear to be dictated by waves with large attenuation lengths. However, this is not always
the case. In Figure S5, we present simulations with ω0 = 0.15 and Etot = 5 × 10−6 . For these parameters, we find
the transition from quasiperiodic to periodic oscillations occurs at σ ∼ 2.5 × 10−2 . This is lower than the transition
value in Figure 1 of the main text, where we used the larger value of ω0 = 0.2. In this case, all forced waves have
attenuation lengths smaller than the domain height. Thus, the top boundary is not required for periodic mean-flow
oscillations at large σ.

FIG. S5. Poincaré map for simulations with different σ, with ω0 = 0.15 and Etot = 5 × 10−6 . The transition from quasiperiodic
to periodic reversals occurs at a value of σ where all forced waves have an attenuation length smaller than domain height.
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